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ITPEATI'OBOP

Yuebnuk bt “Bucmia maremaruka“, yact 111, e npegnaznaden 3a crymentu ot Texaudec-
Ku yauepcuteT - ['abpoBo ¢ oOpazoBaTeTHO-KBaIMMUKAIIMOHHA CTEIeH “DaKaaaBbp .

OcHoBHa 11T Ha aBTOPHUTE € OIIa Jla ce HaMepu HeoOXOIUMUsT DaTaHC MeXKTy ITOCIe 10~
BaTE/IHOTO, JIOTHIECKO M3TpazkjiaHe Ha MaTeMaTHIeCKUTEe MOHATHUS W YCBOSIBAHETO MM
oT ObJEIUTe NHXKEHEPH KATO OCHOBEH allapaT 3a M3ydaBaHe Ha OOIIO-TeXHUIECKUTE U
CHEIUATHI JUCIUIINHA U W3IOJI3BAHeTO UM B IPUIOXKHHU U HAaydIHU U3CjaeaBaHus. B
CHOTBETCTBUE C OI'PAHUYEHHST XOPapUyM, yIapeHueTo € IMOCTaBeHO Ha BTOpaTa CTpaHa,
KATO M3JIOXKEHNETO € MOJKPEIEHO ¢ MHOYKECTBO IIPUMEPH U IMOAPOOHO PEIeHn 3aat.

PaBI‘JIe,ILaHI/I Ca CJIeHUTE pa3Jde/in: OIIpeAe/IEH NHTEI'PaJl 1 HEI'OBUTE ITPUJIO2KCHN A, q)yH—
KOuyd Ha ABE IIPOMEHJINBU, EKCTPEMYM Ha (byHKHI/IH Ha JB€ IIPOMECHJIMBU; OOUKHOBEHU
,ILI/I(bepeHHI/IaJIHI/I YpaBHEHUAD. ToBa e ocHoBHaTa YaCT OT MaTepuaJia, KOMNTO ce n3y4daBa
OT CTyJeHTUTEe OT BCUYIKHU CIICNUAJIHOCTHU IIPE3 TPETU CEMECTBP.

Besika ritaBa ¢bbprKa ChOTBETHUS TEOPETUUEH MaTepHasi, IIPUMepH, ToJIsiM Opoil pe-
IIIeHN 33/Ia91 U 33J1a91 3a CAaMOCTOSITEIHA TO/I'0TOBKA. BCYIKM 3a/1a4u UMaT OTTOBOPH,

KO€TO 1i€ yJIeCHU CTYACHTUTE IIPU CaMOCTOATE/IHATa UM pa60Ta.

V4aeOHUK BT 111e ObJIe 0COOEHO MOJIE3EH 3a CTYJICHTH 38/I0YHO U JIMCTAHIIMOHHO 00yIeHHe.

Mapt 2012 1. Apropure
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I'maBa 1

Onpegenen nnrerpaJj. Ilpunoxenus

Ieama na masu 2na6a e da 3aM03HAE YUMAMEAS C NOHATNMUEMO ONPEIENEH UH-
meezpan, 0CHOBHUME MEMOJU 30 NPECMAMAHE HA ONPEJENEH UHMELPAA U HAKOU
NPUNOHCEHUA.

ITonsgaruero olpejeyieH mHTerpaJ € €IHO0 OT OCHOBHUTEC IIOHATUA B MaTEMaTHUICCKUA
anajns. Caura ce, 9e e o110 BbBEJCHO B MaTEMaTHUKaTa B OKOHYaTe/IeH BUJI IIPE3 XVII
BEK OT JBaMaTa Cb3JaTe/In Ha ,ZLI/I(bepeHILI/IaJ'IHOTO 1 MHTETrpaJiHO CMATaHEe - ﬂaﬁ6HI/IH
n HIOTOH, KOHUTO IIO pa3/IndHU II'bTUIlla JOCTUTAT J0 HETrOo. OcCHOBHUAT TeXeH pesyJjrar
Ce CbCTOU B TOBa, 49€ Ca YCTaHOBHUJIM T7ACHaTa BPDbH3Ka, KOATO CbhIIECTBYBa MEK/Y JIBE
IIOHATHUA, Ha IIPBB IIOIVIE CTOAIIM JaJied €JHO OT JAPYro, KaTO IIOHATHUETO OIIpEe/e/IEH
nHTerpaJr 1 HOHATHUETO IIPOU3BOAHA Ha (byHKILI/IH.

Enma or 3amaumre, KOMTO 110 €CTECTBEH I'BT BOAAT 10 BbBEXKIAHETO HA IIOHATHETO
OlIpeIeIeH MHTErpaJl, € 3aJadaTa 3a IPecMATaHe JUIeTo Ha (urypara, 3arpajeHa oT
rpadgukaTa Ha eJHA HEOTPHUIATETHA 1 OrpaHWdYeHa B HHTepBasa |a, b| dyukms f(x),
abCICHATA OC U IIPABUTE C YPABHEHUS T = a U T = b.

Heka e magena dbyuknusra y = f(r), nedunupana u HenpeKbCHATA B 3aTBOPEHHUSI
uaTepBas |a, b|. Pasgensve mo nmponssosien HauwH uHTEpBasa |a, b| Ha moguHTEpBaIN
C TOYKHUTE

aQ=T0,T1,L2y...,Li—1,Ljy...,Tpn_1,Lp = b

JbinKuHaTa Ha i-usg HHTepBaJ OeJIeXKUM C

ALE‘Z‘:ZC@'—IZ‘_l (zzl,,n)

fi c [[L’i_l,l’i] (Z = 1, .. .,n)

U mpecMsiTaMe CTOWHOCTTa Ha (yHKIuATa B Tasu Touka, T.e. f(&;). Cuen ToBa ymHO-
ZKaBaMe Ta3W CTOMHOCT IO JbJIKMHATa Ha IIOJUHTEPBaJIa, T.€. IIoJIydaBaMe

KOETO € JINTETO Ha MPaBObI'LJIHNKA C OCHOBA OTCEIKATa, OlpeesieHa OT TOUYKUTE T;_1 U
x;, U BUCOYMHA OTCEeYKaTa ¢ bJiKuHa f(&;) (BUXK Uepreka Ha cjiejiBallaTa CTPAHUIIA ).
Cymara OT Te3u CTOHHOCTH 3a BCUYKUTE 71 MTOJUHTEPBAJIA

> A
i=1

5



6 I'VIABA 1. OIIPEJIEJIEH UHTEI'PAJI. IIPUJIO?2KEHNU A

ce napnia Pumanosa unmeepaana cyma 3a dbysxiusTa f(r), cbOTBETCTBAINA HA
JIQJICHOTO pas3buBaHe Ha WHTEepBaJa |a, b| Ha mojuHTepBaN U U360pa HA TOUKUTE &;.

f(&)

a=xy O Ti-1 & X r,=b x

Jla o3HAYUM ¢ A MaKCHUMaJIHATA, JTb/I?KUHA Ha TOJUHTEPBAJIUTE, T.€.

A=mazrAzx; (1 <i<n)

AKo cbImecTByBa TpaHUIATa

lim )}~ f(&)Ax; =S
=1

A—0 <

HE3aBUCUMO OT HAYMHA HA pas3jelisHe Ha MHTepBaJa |a, b| Ha mojgunTepBan u n36opa
Ha ToukuTe &;, T0 pyHknusara f(r) ce Hapuua mHTErpUpyemMa B PumaHoB cMucshJ,
a rpanurara S ce Hapuva ONpe/esieH uHTerpai or ¢yHknuata f(r) B uHTEpBaIa

[a,b] u ce o3nauaBa c

/ab f(x)dz, Te.

b n
/a fla)dr = oy 3 (6w

Yucoro a ce Hapuda doAMHG 2paHuua, a IucjaioTo b - 20pHa 2paruua Ha orpeie-
JICHUSI MHTErpaJl.



CasoiicTBa:

b
1. f(z)dx = —/ f(z)dx (o medurnIms)

b

b

2. | Mdx=M(—a) M-xoncmarma
b b

3. / Mf(zx)de =M | f(z)dx M-xoncmarma
b c b

4 / flx)de = | f(z)dxe+ | f(x)dx

(@)
m\
o
=
8
S~—
+
=
8
S~—
S~—
ISH
S
Il
o
&
oW
)
+
z\
o
=
&
oW
)

=

. Axo f(z) < g(z) npu z €[a, b], To / f(z)dx g/ g(x) dx

J

b
Akom < f(x) < M, z€la,b], o mb—a)< / flz)dx < M(b—a)
8. Ako f(z) e menpekbcHaTa B HHTEpBasa [a, b|, To c¢bimectByBa ¢ € (a,b), TakaBa [e

b
/ f(x) dz = F(O)(b— a)

HOCJIG,ZLHOTO CBOIICTBO € U3BECTHO KaTO TeopeMa 3a cpeaHure CTOMHOCTH.

Teopema 1.1 Axo edna dynryus e neoepanuvena 6 unmepsasa [a,bl, mo ma we e
urmezpupyema 6 Pumaros cmucsa.

Teopema 1.2 1. Bceaxa nenpexschama 6 unmepsana [a,b] dynkyus e unmezpupyema
6 Pumarnos cmucsa.

2. Beaxa MOHOMOHKHAG U 02panuvena 6 unmepsana [a,b] dynkyus e unmeepupyema 6
Pumaros cmucsa.
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NurerpansT kKato MYHKIUS HA TOPHATA CA IPAHUIA
®opmysa Ha Jlaitbaun-Hroron

_ /:f(u) du,  x€(ab)

B cjlieJJBalllaTa TeoOpeMa IIIe AOKazKeM, 9€ Ta3u CbYHKILI/IH € IpUMHUTHUBHa Ha beHKLLI/IHTa

().

a pazrieame byHKIIATA

Teopema 1.3 Axo gynrxyusma f(x) e nenpexscnama 6 unmepsaaa |a,b], mo

:/:f(u)du

e dugeperyupyema u

Fl(z) = f(z)
Zloxazameacmeo:
:E—l—Am

Aliriloﬂ (/f du+/z+m du—/f du):

lim i/x " fu)du= Tim - f(e)(x + Az —2) = lim f(c) = f()

Az—0 A.ﬁ(} Az—0 AQE‘ Az—0

[Ipr noKa3aTeICTBOTO M3IOJ3BAXME TEOPEMaTa 3a CPeIHUTE CTOMHOCTH U (aKTa, Je
koraro Axr — 0, To ¢ — . [

Heka ®(z) e npoussosina npumurusHa Ha f(x). Tbit kKaro F(x) ¢bIno e npuMUTHBHA
Ha f(x), To kakTo 3HaeM P (z) = F(x) + C.

[Ipecmarame

B(b) — B(a) = (F(b) + C) — (F(a) + C) = (F(b) + C — C) = /f ) dz, Te.

b
| #a)ds = o(6) - a(a)
a
[MocneroTo paBencTBo ce napuda gopmyaa Ha Jlatioruy- Hromon.

Boeexame oznauenuero  P(z)

Torasa




Qopwmynara Ha Jlaibaumn-Hioron nu ka3sa, de 3a ja IpecMEeTHEM €JIMH OIIPeJie/IeH UH-
TerpaJi, bPBO TPsOBa Ja HAMEPUM HAKAKBA MPUMUTHBHA (DYHKIINS HA MOIXHTEIPAJI-
HaTa QyHKIUs (T.e. Jla TpecMeTHEM ChOTBETHHs Heolpeesen unrerpan). Cren ToBa
OT CTOMHOCTTa Ha Ta3W NPUMHUTHBHA B I'OpHaTa I'PAHUIA Ha MHTErpaJa Jia N3BaJUM
CTOIMHOCTTa U B JIOJIHATA I'PAHUIla HAa MHTErpaJia.

1 1 1 1 1
1.1 /(x4+4:)33—3x—|—1)d93:/ :E4d:)3—|—4/ :lfgdft—?)/ xda?—l—/ ldr =
0 0 0 0 0

_ x_51 +($4|1)_ x_zl +(1’|1>—1+1—§—|—1—1
-\ 5 0 2 o/ 5 2 10

0 0

2 2 2 2
1.2 / (31’2+462x)d1’:3/ x2d:l?+4/ ¥ dr = (at?’ |i) +2/ e* d(2x) =

1 1 1 1
:7+2G%ﬁ>=7+%&—éﬁ:7+%%&—m

s ™

1.3 /2(20082x+sinx)dm:2/2cos2xd:c—|—/2sin:cdx:/2cosQ:cd(Q:c)—
0 0 0 0

(cosx |0%> = (sin(QJ:) |0%> —(0-1)=1

Vurerpupane 4pe3 cMsiHA Ha IPOMEHJINBATA
Heka dynknusara f(z) e HempekbcHarta B mHTepBada [a, b| , a = = ¢(t) uma

HEIpPEeKbCHATA TPOM3BOJHA B MHTEpBaia |, 3| U croitHOCTHTE I HpHHAJICIKAT HA
unrepsasa [a, b|. OcBen ToBa Heka

pla) =a n o(B) =b.
Torasa

b B
/ f(z) dz = / Flo)(8) di

Zloxazameacmeo: Heka
/f(:z) dx = F(x).

Torasa
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2
1.4 [:/ V4 —x2dx
0

Ako mampaBuMm cybcrurynusta x = 2sint, 1o dr = 2costdt u

Va4 — 22 = 1/22(1 —sin®t) = 2 | cost |.

CMmename I'paHuuTe Ha MHTErpaJila B CbOTBETCTBUE C Ta6J'H/IHaTa

SIS

E=E

Cera mHTErpaIbT I00MBA BUIA

™

n n El Qt uy
124/2 |cost|costdt:4/2cos2tdt:4/2H%dt:2/2(1+cos2t)dt:
0 0 0 0

2 / 1dt+/ cos2tdt | =2 / 1dt—|—§/ cos2td2t | =2t | +sin2t| =
0 0 0 0

NMurerpupane no gacru
Heka v = u(x) u v = v(x). ToraBa

b b b
/udv:uv —/vdu
a a a

oxazameacmeo: Ot dpopMmynaTa 3a HHTerpupaHe M0 YaCTH IIPU HEOIIPEIeJIeH WHTer-
paJi umame

/(u(x)z/(x) +v(x)u (2)) de = u(z)v(z)

CienoBaresno

KO€TO 3alluCBaMe II0-KPaTKO IIO CJI€JHUA HadUH

b b b
/udv:uv —/vdu
a a a




11

2 2 2 2
1

1.5 4/ :)sgln:):dz:/ lnzdx4:x4lnx|j—/ z4dlnz:161n2—/ 2t =dr =
1 1 1 1 z

2

2 4
1 1
161n2—/ Pdr = 16102 — — :161n2—<4——):161n2——5
! 1| 1 1

1 1 1 1
1.6 / x2emdm:/ r?de” = x?e” \;—/ ezdxzze—Q/ e’ dr =
0 0 0 0
! 1 ! 1
:6—2/ $d6x26—2<I6x|0—/exdl’>:6—2(6—6x|o>:
0 0

=e—2e—e+1)=e—2~0.7182

[Ipenn ma ce 3amo3HaeM ¢ HIKOU MPUJIOKEHNsT Ha ONpPEeJIeIeHIs WHTErPAJI, IIe JJOKayKeM
caeHuTe (POPMYJIH:

| fayda -

Zloxazameacmeo:

2f0af(:z:)d:z: ,ako f(x) e gerna

0 ,ako f(x) e meuerHa

Zaaf(x)dx:Zaof(x)dx—i—/oaf(x)dx

B mbpBust mHTerpas mpaBuM CMsIHA Ha IpoMeHanBaTta r = —t. ToraBa dor = —dt n
HOBUTE TPAHUIM Ha UHTerpaJja ca a u 0.

Zaaf(x)dx:—Lof(—t)dt+/0af(t)dt:

/ﬂ4MH/f®ﬁ=/UPWH@W
0 0 0
OcraBa camMo Ja B3eMeM mpeiBujl, dYe ako ¢yHknuara f(r) e derHa, To

f(z)+ f(—z) = 2f(z) n ako e newerna f(z)+ f(—x) =0. |
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2.
2 2 —1 -3) 1
/ sin":z:d:z::/ cos" xdx = (n ) (n=3) 1 E, N - YETHO
0 0 n (n — 2) 2 2
2 2 —1 -3) 2
/ sin”:z:d:z::/ cos”:z:d:z:z(n )(n )---—, n - HEYETHO
0 0 n (n — 2) 3
Zloxazameacmeo:

™ T
2 2 2
I, :/ sin” x dx :/ sin" 'z sinzdr = —/ sin" 'z dcosx =
0 0

0

s s
fud 2 2
. _ 2 . _ . _
—(sin" 'z cosz) | +/ cos x d sin” 1:)::/ cosxdsin® ' x =
0 0

LI 2 : 2 2
(n—l)/ cos“x sin" “xdr = (n—l)/ (1 —sin“z) sin" “azdr =
0

0

uy

(n—l)/2sin”_2xdx—(n—1)/2sin":cdx:(n—l)[n_g—(n—l)fn
0 0

= In=mn—-1)1,—o—(n—1)I,

HonyanaMe cjieaHaTa PEKYpeHTHa 3aBUCHUMOCT

—1
In = z In—2
n

[Ipunaraitku Ta3m 3aBUCUMOCT MHOTOKPATHO, ITOJTyYaBaMe

_(-1) (n=-3) (n-5) 1 n - 9eTHO
MG I

In:(n—l)_(n—3)_(n—5)._.gll’ n - HEeIeTHO

n (n—2) (n—4) 3

T
Orunraiiku, e [y = 5 n [, =1, nonydaBame opmyJnATe.

[SIE]

JlokazaTejacTBOTO 3a / cos" xdxr e aHAJIOTMYHO. |
0



3a,£[at11/1 3a CaMOCToOdTe/JIHa pa60Ta:

1
1.7/ (62° — 32 + 50 — 1) dw
0

2 4 2
502 — 1
1.8/“—?@
1 X

19/9x_1d

. X

. VT

110/1 LI

. X
_141'+9

6 1
1.11 / 5 dx
g 2 =4

2 1
112 [ — g
/1 22— dr+ 20

1
1.13 / dx
0 Va2+6x+ 10

s

2
1.14 / 5cos x sin? z dx
0

T
1.15 ——dx
/3 vr+2-—1

2

1.16/ (> —2)Inwdx

2
1.17 / 222e% dx

-1

1. 18/ xsin 2z dx

[e=]

119/ xrarctgx dx
0

3r —2
1.20 dx
/3 22—4zx+5

13

Orr. &

Orr. 32

1 1
Orr. 7 arctg §

Orr. In |24

Orr. 1

Orr. 16 — 2In2 — 354 2In(v/5 — 1)

Orr. 1

5(5e® —2e% — 18¢?)

Orr. 2(e* —e7?)
Orr.

s
Orr. -

Orr. %lng +4darctg2 — 7
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IMPMNJIO2KEHN A HA OIIPEAEJIEH MHTEI'PAJI

1. JInune Ha paBHUHHaA durypa

O6nactra, 3arpajeHa or rpadukaTa Ha HenpekbcHartara GyHkinug y = y(z) > 0,
npaBuUTe JIMHUKM C ypaBHeHus © = a, £ = b (a < b) u abcuucHara oc ce Hapu4a

KPUBOAUHEEH MPAne.

a<zx<b

0<y<y(x)

JIurero Ha KpUBOJIMHEHHUS Tparel] IpecMsitTaMe ¢ hopmysraTa

b
S:/ y(z)dx (1.1)

\ Y = ya(7)

Junero na obmacrra D, 3arpajgena or rpadpuKuTe Ha HENpPeKbCHATHTE (DYHKIUN
y = yi(x) my = ya(x), wyi(x) < yo(r), u UpaBUTE JUHUU C ypaBHEHUS T = a,

r =b, Te.

a<x<b
D :
yi(z) <y < o)

ce npecmdTa ¢ hopmysara

Sp / (o) — i(x) ) da (1.2)
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2. /IvkuHa Ha gbra
Heka mbpBara npoussojna Ha dyHKIMATa Yy = y(x) e HenpekbcHara. IbiKkuHarta Ha

JrbraTa, KOsTO IpaBUTe JIMHUUA C ypaBHeHuss © = a u © = b (a < b) orcuvar ot
rpadukara Ha QyHKIuATa y = Y(2), mpecMsTame ¢ popmysaTa

l:/ V1+y'?(x)dx (1.3)

3. ObeMm Ha TAIIO

Axko mpoctpancrsenara obsact 1 e 3arpajena OT yCIOPEIHNTe PABHUHU C yPABHEHUS
r=a u r=">0 (a<b)u3saBciko x € [a,b] 3HACM JIUIETO HA YCIOPEIHOTO HA TE31
pasuuHu ceuenue S(x), obembr Ha T’ npecmsarame ¢ Gopmyiara

Vr = /b S(z)dx (1.4)

4. Ob6eM HaA POTAIMOHHO THJIO

Ako mpocTpancTBeHa 00/1aCT € 3arpajiena OT YCIOPEJHUTE PABHUHUA & = @, & = b
(a < b) m poranmoHHATA MOBbPXHUHA, [OJIyY€HA OT 3aBbPTAHETO HA KpUBATA C yPaB-
Hernne y = y(x) > 0 okoso ocra Ox, TO BCIKO YCIIOPEJIHO HA DABHUHUTE CEUCHUE €
Kpbr u juiero My e S(z) = my?(z). CremoBarenno 06eMbT Ha POTAIIMOHHOTO TSAJIO IIe
npecmgTame ¢ hopmysiara

V = 77/ y?(r) dx (1.5)



16 I'VIABA 1. OIIPEJIEJIEH UHTEI'PAJI. IIPUJIO?2KEHNU A

5. JII/IIIG Ha IMOBBbPXHHMHA Ha POTAIlMOHHO TAJIO

HI/IHGTO Ha pOTallMOHHaTa IIOBbPXHUWHa OT IIPEJUIIIHaTa TOYKa Ce IIpecMATa C CbOpMy—
JlaTa

02277/ y(x)v1+y'%(x)de (1.6)

6. MoMeHTH u IIEHTbP Ha MacaTa Ha paBHMHHA KpHUBa JIMHUS
Axo jbrata or KpuBata, 3aj1ajieHa ¢ ypasaeruero y = y(z), a < x < b, UMa MIbBTHOCT

p = p(z), T0:
Crarnyaute momeHTH ciipsgmo Ox u Oy ce npecMaTaT ¢ popMyJInTe

Mg:Q/pmwmnh+yﬂ@Mx

(1.7)
b
My = [ plwyay/TH 7w da
Nuepuyaunte momenTu ciipsgmo Ox u Oy ce npecMaTaT ¢ hpopMyIuTe
b
1¢=L/m@¢mmﬂ+y%ww
(1.8)

b
I, = /p(x)xQ\/l—l—y”(x)dx

a

Macara ce upecmsra ¢ GpopmyIaTa
b
m:/ p(x)\/1+y'%(x)dx (1.9)

Koopauuarure na nenrbpa Ha macara G(zg, yg) npecMstame ¢ (bOpMyJIuTe

rTg = —, Yyg — — <1.10)



17

Axo jgbrarta e XomoreHnHa, T.e p = C' e KOHCTaHTa, TOTaBa

1
To = 7/ zy/1+y'?(z)dz,

(1.11)

b
v = 1 [ wVITy ) e

Ot dhopmystara 3a yq MoIyIaBame

b
ywz/y@MHwW@M

YMHOXKaBaMe JIBeTe CTPAHU Ha TOBA PABEHCTBO C 277:

b
2yl = 27‘(’/ y(x)v1+y'%(x)dx, Te.

2yl = o
HOﬂyquHHT pe3yJiTaT € U3BECTCH KaTO

Teopema na Ilan-TI'ymaen: Jluuemo na pomayuornama nossprHuta, NOAYYEHa 0m
8BPMEHEMO HA 052aMaA 0KOAO 0C, AEHCAUWA 6 PASHUHAMA HA 0624Ma U HENPECUMAULL
dseama, e pasHo Ha npoudsedenuemo om 0sAACUHAMG HaA J520Ma U JBAACUHANG HE
OKPBHCHOCTNING, ONUCAHA OM, HETHUA UEHMBD HA MACAMA.

1.21 Jla ce mpecmeTHe JuIeTo Ha obJjiacTTa, 3arpajeHa oT mpaBaTa y = 2x U Iapa-
6omata y? = 4.

Pewenue: HaMHpaMe IIpececuIHnuTe TOYKMU Ha IIpaBaTa U Hapa60ﬂaTa KaTO pellaBaMe
cucreMaTa OT JABETE YpaBHEHUNA. HonyanaMe CbOTBETHO:

4o =4z, 2°=x, 2*—2=0, 2(r—1)=0
1’1:0 n 1’2:1

CnenoBarenno obyactTa [ e 3arpajeHa oT IpaBuTe JuHUU ¢ ypaBHerus r = 0, r = 1
n rpadguknTe Ha GYHKIEATE y = 20 U Yy = 2./T, T.€.

0<z<1
D :
2r <y < 2yx

Torasa

SD:/01(2\/5—2x)dx=2/01ﬁdx—2/01xdx=§(a:ﬁ 1>—<z21> :%—1:%
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2 2
x
1.22  la ce mpecMeTrHe JIMIIETO Ha 00JIaCTTa, 3arpajeHa OT eaulcara — 5 T ‘Zz =1.
Y
D
a
T
Pewenue: Heka
0<zr<a
D :
0<y< g\/az—xz
Torasa
“b 4b [
S =45p =14 —Va? —22dr = — Va2 — 22dx
0o a a Jo
AKo B mHTerpaJia HallpaBUM CyOCTUTyIusTa - = acost, TO dxr = —asintdt u

= /a2(1 — cos?t) = a |sint |.

CMmename I'paHuguTe B CbOTBETCTBUE C Ta6J'II/IHaTa

[=o]= =
o~

Cera mHTErpabT I00MBA BUIA

7\'

4 o 2
S=——"a sin“tdt = 4ab sin’ t dt = 4ab -
g 0

a

= mab

l\DI»—t
l\3|>1

AKo a = b = r, nomyuasaMe nosHaTaTa GOPMYyIa 3a JHIe Ha Kpbr S = 7712,

1.23 Jla ce mpecMmeTHe TbKUHATA Ha JbraTta OT rpadukarTa Ha QYHKIUATA iy = e,
3aKJIoveHa Mexk ity Toukure ¢ Koopauuarn (0,1) u (1, e).

Pewenue:

1
l:/ V14 e dx
0

1 t
[IpaBum cyberuryrusara 1+ €2 =t 1e. x = 3 In(t* —1). Torasa dr = 21 1dt.
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Cmensme I'panunuTe:
t

V1 + e?

=|=]=
=

Cera mHTErpaJrbT J00MBaA BUIA

14-€2 2 V14e? 42 14-€2 1+e2
t t*—1+1 1
zz/ ———dt = / %dt:/ 1dt+/ ———dt =
V2 2—1 V2 t2—1 V2 va o tr=1

VIt -1
Vit —V2—1+In ‘ te ~ 2.0035
y T
y=e
/1 y=lInx
ol 1 e .

1.24 la ce mpecMeTHe IbJKHHATA Ha JIbrata oT rpadukara Ha GyHKIUATa y = In z,
3aKJ/IoUeHa MEXK/Iy ToukuTe ¢ kKoopauuaru (1,0) u (e,Ine).

e 1 e 1 2
zz/ ,/1+—2dx:/ VIEY g
1 z 1 z

[TpaBum cybcrurymuara 1+ 22 =t, re. x = /t> — 1. ToraBa dx =

Pewenue:

dt.

t
VEE—1

CwmeHsIMe TpaHUTNIATE Ype3 TabIuIaTa

t
V14 e?

[~ ]s

>

Cera mHTErpaJrbT J00MBA BHUIA

Vi1+e 2
[ = / ” dt =~ 2.0035. (Buk mpeHata 3amada 1 BM 11, rmasa 1, crp. 12)
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1.25 Jla ce npecmerHe obema Ha TSIJIOTO

S

Pewenue:
[IbpBaTa OBbPXHUHA € XUIIEPOOJIONI ¢ JBe MOBbPXHUHU, & BTOpaTa € paBHUHA.

Tsanoro T e 3ak/II0YEeHO MEXKJIY YCIOPEJIHUTE paBHUHU 2 = ¢ u 2z = 2c¢. llpm
c < z < 2¢ BCIKO yCIOpPEJTHO HA PABHUHHUTE Z = ¢ U 2z = 2C CedeHue e eJinll-

ca C ypaBHCHHE
2 2

z Y
=1

Ot 3aJiavda 1.8 zHaeMm Ja IIpecMdAdTaMe JIMIEe Ha O6J'IaCT, 3arpajcHa OT eJIUIICa. CJIG,ZLOB&-

TEeJIHO

a b ab, 5
S(z):7T~E\/z2—c2-g\/z2—c2:7rg(z —c)

[Tpunarame dopmysa (1.4) u nmoaygaBame

2c b 2c b 2c 2c
V:/ S(Z)dZ:T(‘a— (zz—cz)dzzﬂa— szz—Wab/ ldz =

2 2
C c C c

2¢ 2¢ ab 3 Tabc
) —mab(z |) = W@(?C ) — mabc = T~ mabc = gwabc

1.26 Jla ce npecmerHe obeMa Ha TsJI0TO 1, OTPAHUYIEHO OT €JIUIICOUIA

2 2 2
T Y z¢
Stmta=L

Pewenue:



21

—

N ‘jgé_—:gj,

22 y? B
a 5 T b 5 =1
(E\/c2 — z2> (_ 2 _ 22)
c

CrenoBaTeano

S(z) :7T'%vc2 — 22 gm:WZ—g(cz — %)

[Tpunarame dpopmyna (1.4) u mosyuasame

V:2/ S(z)dz:27ra—g (02—22)dz:27rab/ 1dz—27ra—b 2dz =
0 & Jo 0

C2 0

c ab 4 2mabc 4
= 2mab(z |,) — 27‘(‘@(2 |,) = 2mabc — 5 = gﬁabc

4
Ako a = b = ¢ = R, nosygasaMe mo3narara $hopMyIia 3a obeM Ha Kbiaoo V = —mR>.

1.27 Jla ce namepu IeHTbpa Ha TeXKecTTa Ha MOJYOKPbKHOCTTA i = Va2 — 2.

Pewenue: 3a permapaneTo Ha Ta3u 3ajada Ie usnoa3BaMe Teopemarta Ha Ilan-I'ymmen.
[Topagu cumerpusrta g = 0. Poranmmonnara moBbpxHUHA, MOJIYYEHA OT 3aBbPTAHETO
Ha MOJIyOKPbXKHOCTTA € cdepa ¢ pajauyc a. JIumero Ha moBbpxXHUHATA Ha cdhepaTa e

4ra?. JI'bKUHATA HA TIOJYOKPBIKHOCTTA € Ta. Torasa 27.yq.ma = 4ma®. CremoBaTes-
2a

HO Yg = —.
s
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3asaum 3a caMoCTodATeIHA paboTa:

1.28 Jla ce mpecMeTHe JUIETO Ha 006J1acTTa, 3arpajieHa OT KpuBaTa y = ln x u mpasure
r=ecrx=c>uny=0.

Orr. €2

1.29 Jla ce mpecMeTHe JIAIETO Ha 00J1acTTa, 3arpajeHa oT napabosiara y = 3+ 2z — 2
u abcrcHara oc.

32
Otr. —
T

1.30 [Ia ce mpecMeTHe JIANETO Ha 00JIacTTa, 3arpajeHa oT mapabonaTa y = 2 — 12 n

npaBara Yy = .
Otr. —

1.31 Ia ce npecMmeTHe JIUIETO Ha 00JacTTa, 3arpajeHa oT napaboiara y = x2 +2r u
npaBata y = x + 2.

Orr.

| ©

1.32 Jla ce mpecMeTHe JHIETO Ha 00JIACTTa, 3arpajeHa oT napabonata y> = 4x +4 n
IpaBata T +y = 2.

64
Orr. —
3
1.33 Jla ce mpecMeTHe JIHIETO Ha 00JacTTa, 3arpajieHa oT mapabommre y = 22 u
y? = 8.
8
Orr. =
3
1.34 /la ce mpecMeTHe JuIeTro Ha obJiacTTa, 3arpajeHa OT Junuute Yy = 27
y=2r—2% 2=0mun z=2.
3 4
Orr. — — =
In2 3

1.35 /la ce mpecMeTHe JIIETO Ha 00J1aCTTa, JEXKaIlla B IbPBUA U YeTBbLPTH KBaJIPAHT,
3arpajieHa oT Kpusute y2 = 2z n 1% + y? = 8.

4
Orr. 27 + 3

1.36 [Ia ce upecMeTHe JHUIETO Ha YacTTa oT Kpbra z2 + y? = 4z, pasnosoxkeHa HaJ
napabosara y? = 2.

Orr. m— =

3
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1.37 Jla ce mpecMeTHe JTUIETO Ha 00/1aCTTa, 3arpajeHa OT JUHUUTEe Ty = 2 u x+y = 3.

Ortr. 2—21112

1.38 Jla ce mpecMeTHe JIMIETO Ha 06/1acTTa, 3arpajena or junuure y = (v + 2)%
zy=9, r=2u y=0.

Orr. ?+91n2

1.39 /la ce mpecmerne juiero Ha 00JIacTTa, 3arpajieHa oT Kpusure y = e — 1,
y = €*® — 3 u op/HATHATA, OC.

1
Orr. 2In2 — —
. 21n 5

1.40 la ce npecmerHe JmreTo Ha 061acTTa, 3arpajeta ot jsuanure (v —1)(y +2) = 2
nx+y=2.

Orr. 2—21n2

1.41 JIa ce mpecmeTHe JIMIIETO Ha 00JIACTTa, 3arpajeHa oT y = Inx, jonupareHara
KbM Hes B Toukara (e, 1) u abernucHaTa oc.

e
Orr. - —1
I 5

1.42* JTa ce IpecMeTHe JIUTIETO Ha 00/IacTTa, 3arpajena ot napabonata (y—2)% = r—1,
JIonpaTe/IHaTa KbM Hed B TOYKATa C OpJInHaTa 4y = 3 1 abCIucHaTa oc.

Otr. 9

YubrBane: Pasmenere ponnre HA 7 7 .

1.43* Jla ce mpecmeTHe JIUIETO Ha 0OJACTTa, 3arpajieHa or JuHuure y = In(x + 2),
y=2nz, y=0.

Orr. 4In2 -1

2

1.44 Hamepere nb/zKuHATA Ha JbraTa oT napabdosara y = x~ or x = 0 g0 x = 1.

Orr. %\/34—%1:0 <2—|—\/5)

1.45 Hamepere pbiKuHaTa Ha JbraTa OT JHHAATA y> = 2° OT HAYAJIOTO Ha KOODP/IH-
HaTHaTA cucTema JI0 Toukara (4,8).

Orr. ;7 <10\/ﬁ — 1)
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1
1.46 Hamepere n1bizkuHaTa HA braTa OT JUHUATA Y = 3 (3— x)\/E , 3aKJII0YECHA MEXK-

Jly [IPECeYHuTe TOUYKN Ha KpUBaTa ¢ abCIUCHATA OC.
Orr. 23

1.47 Hamepere obema Ha POTAIIMOHHOTO TSIJIO, TOJYYEHO OT 3aBbPTAHETO OKOJIO OCTa
Ox ma 0bjacTTa, OrpaHmdeHa oT JuHInTe 2y = 2 1 20 + 2y = 3 .

272
Orr. LT{'

15

1.48 Hamepere obeMa Ha POTAIIMOHHOTO TS0, TOJYIEHO OT 3aBbPTAHETO OKOJIO OCTa,
Ox na 0bjacTTa, OrpaHmIeHa OT JuHmITe y = e = — 1, y=e *+ 1 u z = 0.

11
Orr. Z?T

1.49 Hamepere cratuanusg moment M, na cunycougata y =sinx, 0<x < 7.
Orr. V2 +In(1 4+ V?2)

1.50 Hamepere unepunus moment I, nay =¢*, 0<z<1.

O, % (VT+ e - VB)

HecobcTBeHu mHTErpasmu

b
JloTyk pasriejgaxme MOHATHUETO OIPEJIE/IEH UHTEIPAJT f(z)dz, camo ako dyHK-

muaTa  f(r) e HempekbCHATA W HHTEPBAJIBLT [a,b] e IipaeH U 3aTBOpeH. B MHOrO
ciydan, obade, ce Hajara Jia ce WHTErpupa B OE3KpailHi MHTEPBAJIN KaTo [a, +00),
(—o0,b] mmm (—o0, +00). Ocsen ToBa Moxke dbynknuaTa f(r) Ja He € HEIPEKbCHATA
B KpaWIlaTa Wil BbB BbTDEIHA TOYKa Ha WHTepBaja |a,b|, T.e. Ja mMa 0COOGEHOCT.
Tosa Hajara IOHATHETO OUPEIEJCH MHTErpasl J1a Oble pas3iIMpeHo ¢ TaKa HapedeHUTe
HECOOCTBEHN MHTErPAJIH.

I. NaTerpasm ¢ 6e3kpaiiHu rpaHUIN

Cayuait 1. Heka dyuximsara f(z) e HenpekbcHaTa 3a BCIKO « € |a,+00). [Ja pasr-
nename peaunara {b,} (a < b,), Kosito Kyonu (quBeprupa) KbM +00. OupejieieHusr

bn
unarerpan 1(b,) = / f(z)dx cvmectByBa u e HempekbcHaTa (DYHKIWS HA by,.
a

Hedunnumnus 1.1 Axo
brn

lim f(z)dx

by ——+00 a

€ YUCA0, O Ma3u 2paruya ce Hapu1a necobemeen urmezpan u ce beaestcu ¢

400 o0 bn
/ f(z)dx, m.e f(z)dx = lim f(z)dx

a bn =00 a
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+oo

Kassa ce, 1e necoOcTBeHNAT HHTErpas () dr cblecTByBa WK Ye e CXOJIAIIL.
a
B nporusen cirydail ce Ka3pa, 4e HHTErPAIBT HE CHINECTBYBa WU Y€ € PA3XOJSII.

Cayuait 2. Heka dynkiusta f(r) e mHenpekbcHaTa 3a Besiko z € (—oo,b]. Jda pasr-
nepame peaunara {a,} (a, < b), Kogro KjaoHU (nuBeprupa) KbM —oo. OupeseneHusT

b
uarerpan 1(a,) = / f(x)dr cobmecrByBa u e Henpek'bcHaTa QYHKIUS HA Q.
Qn

Hedunnumus 1.2 Axo
b

lim f(z)dx

€ WUCAO, O MA3U 2PAHULL CE HAPUYA HECOOCMBEH UHMEPAN U ce DeAedHCU C

b

/_boof(iﬂ)d:)s, m.e /_boof(:):)dx = lim [ f(z)ds

anp—>—00
mn an

Cnyuait 3. Heka dynkmusra f(r) e menpexkbcHara 3a Besako x € (—o0,4+00). Torasa

—+00

+Oof(x)da:: /_C f(z)dx + f(z)dx

[

[TocneanoTo paBeHCTBO ce pa3dupa B CMUCHJI, Y€ aKO HECOOCTBEHUTE NHTEIPAJIH B JIsIC-
HaTa CTpaHa Ha PaBEHCTBOTO Ca CXOMSIINA, TO U MHTEIPaJbT B JiSBaTa CTpaHa Ha pa-
BEHCTBOTO € CXOJISIIII.

e , ! , b , ™
1.51 /0 22 dx = bE:inoo 1T dx = bETw(arctg z|) = bEI—Eloo arctgb = 3

400 1 b 1
1.52 / —dxr = lim —dr = lim (lna:|i) = lim Inb=+o0, mre.
1 T b—+oo J1 T b—+o0 b—+o00

UHTETrPaJIbT € PA3XOJISIIL.

-1 -1 1] 1
1.53 / — dr = lim 2 2dr= lim [ - = = lim (1 + —) =1
—oc0 T == Jq a——00 X a——00 a

too 0 1 ‘oo
1.54 dx = d —dz.
/_Oo 1422 /_001+1’2 x—l—/o 1+a2 %

Bropuar unrerpas e npecmernar B 3a1a4a 1.51. [Ile npecmernem mbpsus. mame:

o 1 , 1 , 0 , ™
dr = lim dr = lim (arctgz| )= lim (0 —arctga) = B

oo 1+ 22 a——oo [, 1+ 22 a——00 a——00
too T
CuetoBaresmo der = —+ = =m.
a /_ 1422 2 T3

B wmmoro cJIydan € JOCTaTbhdHO Jla CE YCTaHOBU CaMO JJaJIin HECOOCTBEHUST narerpaJ e



26 I'VIABA 1. OIIPEJIEJIEH UHTEI'PAJI. IIPUJIO?2KEHNU A

CXOJIATI MJIM PA3XOJIAII U JIa Ce OIEHU HeroBaTa CTOWHOCT. B TakuBa cirydan ca ImoJie3Hu
CJIETHATE TEOPEMU:

+o00
Teopema 1.4 Axo npux > a e usnsaneno 0 < f(z) < g(x) u/ g(x) dz e crodauw,

+oo
mo u (x)dx e cxodauy u

+oo

e [ )

a

Teopema 1.4 Hu Ka3Ba, 9e aKO OIPAaHUYUM OTTOPE €JIMH HeCOOCTBEH MHTETPaJI ChC CXO-
JSIL UHTErPaJl, TO U I'bPBUST UHTETPAJI € CXOJISIIII.

+oo
Teopema 1.5 Axo npu x > a e usnsaneno 0 < f(x) < g(x) u (x)dz e pasxo-

+oo
daw, mo u / g(z) dz e paszodsw.

Teopema 1.5 Hu Ka3Ba, 4e aKO OIPAHUYIUM OTJIOJY €IUH HECOOCTBEH MHTEIPAJI C Pa3Xo-
JSIT UHTErpaJsl, TO U JaJIeHUsIT UHTErPaJI € Pa3xo/Isl.

+00 +oo
Teopema 1.6 Axo / |f(x)| dz e cxodaw, mo u () dx e cxodaw.

a

Heka orGenexxum, de jiokaro Teopemu 1.4 m 1.5 ca B cmia caMo KOraTo (PyHKITHHTE
f(z) m g(z) ca meorpunarennu, To TeopeMa 1.6 e mosesna xKoraro dyHkiwsTa f(z)
B3eMa KaKTO IMOJIOXKUTETHU, TaKa U OTPUTIATETHA CTOWHOCTH.

II. Unrerpanu or byHKIUH, KOUTO UMAT OCOOEHOCT

Cayuait 1 - f(x) uma ocobenocm 6 dechus Kpati Ha UHMEZPAYUOHHUA UHMEPEAA

b—e
Heka ¢ > 0. Torasa B unrepsasna | a, b—e | onpegenennsar unarerpan I(g) = f(z)dx

CbHIIeCTBYBa U II0 ,ZLGCI)I/IHI/IHI/IH

b b—e
/ f(x)dr = lim f(x)dx

e—0 a

Axo I'pPpaHulaTa B JgdCHaTa CTpaHa Ha PaBEHCTBOTO CbIIECTBYBa CE€ Ka3Ba, 4€ HecobcBe-
b

HUSIT UHTETrpaJl f(z)dx e cxomgami. B mporusen ciaydaii ce Ka3Ba, 4€ WHTEIPATBT

€ Pa3XoJISIII. “

Cayuait 2 - f(x) wuma ocobenocm 6 aesus Kpat Ha UHMEZDAUUOHHUL UHMEDEAN

b

Heka e > 0. Torasa B unTepBasa [ a+e, b] onpenenennsr unrerpan () = f(x)dx
ate
CHIIECTBYBA U 10 JiebuHUIHST

b b
/ f(x)dx = lim f(x)dx

e—0 ate
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AHajIoruIHO Ha MPEeIUITHUA CIydail, ako TpaHUIaTa B JgCHATA CTPAHa Ha PaBEHCTBO-
TO CBIIECTBYBa €€ Ka3Ba, Ue HeCOOCBEHUSIT MHTErpaJjl € CXOIdI. B mpoTuBen ciaydaii ce
Ka3Ba, Y€ WHTErPAJIbLT € Pas3XO/IsIil.

Cayuait 3 - f(x) uma ocobenocm 656 6smpewsna mowka T = ¢ 0mM UHMEPEAAL

Tosn Cﬂy‘{aﬁ CBexKJJaMe J10 IPpEeJUIIHUuTEe JIBa, KaTO HMHTErPpaJIbT C€ IIPpEIACTaBd KaToO
CyMa Ha JIBa HHTEIr'paJia

/abf(:):)da: :/acf(a:)d:)s +/cbf(:c)d:):

r = lim z=Ilim| -2v1—=

1 1 1—¢ 1
1.55 —d —d
/0 \/1—.]}' E_’O/() \/1—;[‘ e—0

0

= lim (—2ve+2) =2

e—0

1 1

1 1 1

1.56 / —dz = lim —dr=lm | — —
0

;1;'2 e—0 c ;1;'2 e—0 x

1
dx = lim (—1—1—— ) =00, T.e.
€

e—0

£

HHTETrpaJIbT € Pa3XOIAIT.

—€

0 —e
1.57 / ialx:lim ialx:lim —l

1x2 e—0 1 22 e—0 xT

d:czlim(l—l) =00, T.e.
_ e—0\ €

—1
HHTETrpaJIbT € Pa3XOIAIT.

1 1
1.58 UnTerpaabr / —dr=|— =
1T T

= —1 — 1 = —2 e IpecMeTHAT T'PEITHO,

—1

3aI0TO HE € Chobpas3eHo, ye Toit uma ocobenoct B mysata. [lo nedunurms

U OT IMPEeJHUTE JIBE 3aJa9U CJE/IBA, Ue TOI € Pa3XOJIAII.

N B caydas Ha umHTerpaan or (PYHKIUNA, KOUTO UMaT OCOOEHOCT, ca B CHJIA TEOPEMU,
aHaJiorngHu Ha Teopemu 1.4 - 1.6.
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WnTerpasn, 3aBucen; or napaMeTbp

Ja pasriesame uHTErpasa
b
I(a) = / f(z, ) dz (1.12)

Tosu unTerpan e pyHKIM Ha apaMeTbpa (v, 3al[0TO aKO (v Ce MEHH, IIe Ce U3MeHsI 1
cTofiHOCTTa Ha MHTErpaJja. B cieasamiara TeopeMa e JOKazKeM, Je JindepeHimpaneTo
Ha (1.12) oTHOCHO mapamerbpa « € PABHO HA MHTErPUPAHETO HA MPOM3BOJHATA HA
dbyuxmara f(z, «) orHocHo Mapamerbpa, T.e. Ha f1(x, ).

Teopema 1.7 (Ppopmyaa na Jlatibruy) Axo gynrkuyuume f(r,a) u f!(z,a) ca

nenpexscramu npu x € |a,b] ua € ¢, d|, mo

b ’ b
I (a) = (/ f(z, ) dx) :/ fi(z,a)de (1.13)
Jloxasamencmeo: Vmame

, . I(a+Aa) — I«

](a+AAaO)é—I(a) :ﬁ [/abf(g;’a+Aa)dg:_/abf(aﬁ,a)dx} —

B b fz, o+ Aa) — f(z, )
_/a A« du

3a noauHTerpaJiHaTa (GyHKINA B IIOC/IEIHUS HHTErpaJ IIpuaaraMe TeopemMara Ha Jlar-
paHXK.

f(x,a+ Aa) — f(z,a)
Ao

= folz, ) B € (c,d)
Ho no ycioue dyukiuara f/ (x,«) e menpekbcHara U CJ1eI0BATETHO
fi(x,B)=f!(x,a)+¢ e — 0, xorato Aa — 0

Torasa

80210 _ (o +oyde= [ futnedes [en=

— /bf:x(:c,a) dx+ (b—a)e (1.14)

B (1.14) usBbpuiBame rpannden mpexof mpu Aa — 0 (T.e. € — 0) u mosryuaBame

I(a) = /abf'a(x,a) da



I'1aBa 2

OyHKINA Ha ABe IPOMEHJIUBUI

Ieama na masu 2aa6a € da 3aN03HAE YUMANEAA ¢ NOHAMUAMNG PYHKUUA HA
d8€ NPOMEHAUBY, HYACTVHU NPOU3BOOHU U HAMUPIHEMO HA AOKAAHUME eKCINpPe-
MYMU HA PYHKUUU HA 08 NPOMEHAUBU.

Hedbununus 2.1 Hexa D e obaacm 6 pasnurnama Oxy. Axo na ecara mouwka
(x,y) € D e conocmaseno onpedeaeno wucao z = f(x,y), xassame we e 3adadena
Pynryua Ha 06e NPOMEHAUBU.

['pacdukara Ha GYHKIUS Ha ABE MPOMEH/IMBU € MOBbPXHUHA, UUATO IIPOEKIINA BbPXY
pasannata Oxy e obmactra D, KogTO Hapudame JedpUHATIMOHHA 001acT Ha (DYHKIN-
SITA.

Hedbunutmsa 2.2 §- okoanocm na mowkama (Xg,Yo) HAPUHAME MHOHCECTNEOMO
om ecunuku mouku (x,y) 6 keadpama csc cmpana 20, 3a Kotimo mowkama (xg,Yo)
e MPECceuHa MouKa Ha JUGZOHAAUME MY, M.e. MA € UEHMBPL Ha K6adpama.

Yy
)
Yo Ua(l"o, yo)
)
1) )
O T x

Takasa okosHOCT Ire o3nadaBaMe ¢ |J; (2o, Yo)-

B cienpammuTe penose 1e M310:KUM HAKPaTKO OCHOBHUTE TTOHATHUs U JIeDUHUIUN, CJIe]I-
BaliKM aHAJIOIMIHOTO M3JI0XKEHUEe TpU (DYHKINUA Ha eIHa IMPOMEHINBA, T.e. e Jedu-
HUpaMe MOHSTHUATA I'PAHMUIA Ha PeJIulla OT TOUYKNA B paBHUHATA, IPAHUIA Ha (DYHKIIHUS
Ha JBe IIPOMEHJINBU U HEIPEK'bCHATOCT Ha TaKaBa (pyHKIMA. ToBa Ie HU ITO3BOJIU Ja
BDbBEIEM CJIEJ TOBA OCHOBHOTO MOHATHUE - YaCTHU TPOU3BOIHU.

20
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OtrocHo obactta D ToukuTe B papanHaTa (OXy ca BLTPEITHHN, BLHITHA U KOHTYPHH.
Bobrperran ca Te3u TOUKM, 38 KOUTO ChIIECTBYBa TIXHA 0-OKOJHOCT, TaKaBa e BCSIKA
TOYKa OT Ta3d OKOJIHOCT JiexKu B [D. BbHIIHK ca Te3u TOYKH, 38 KOUTO ChIIECTBYBa
TAXHA 0-OKOJIHOCT, TaKaBa e BCAKA TOUYKA OT Ta3W OKOJHOCT He jiexku B . KoHTypHH
ca Te3W TOYKH, 38 KOUTO BCSAKA TIXHA 0-OKOJHOCT ChIbprKa KaKTO BBTPENIHU, TaKa W
BBHIITHA TOYKH. MHOKECTBOTO OT KOHTYPHUTE TOYKHN Ce Hapwda KOHTYDP Ha 0bJacTTa.
Exna obact D ce Hapuda OTBOPEHO MHOYKECTBO, aKO C'hbIbPrKa CaMO BbTPEITHI TOY-
KU U 3aTBOPEHO, aKO ChIbpP:Ka U BCUIKUTE CU KOHTYPHU TOUYKH.

Obmactra D ce Hapuda orpaHUYeHa, KO CbINECTBYBa dncio M, TakoBa de pascro-
STHIETO OT HAYAJIOTO Ha KOOpJIWHATHATA CHCTEMa 0 KO Jla € TOYKa OT 001acTTa Ja €
mo-MaJjiko or M. Besiko orpaHMYeHo U 3aTBOPEHO MHOXKECTBO Ce HapUUa KOMIIAKTHO.

Hexka e manena peauiia oT TOUYKH

Pl(x1,y1),P2($2,y2), P3($37y3)7 cee Pn(l’myn)a e (2-1)

Hedbunutmsa 2.3  Kassame, ue peduyama om mouku (2.1) kiomu ksm moukama
PO(':UOMyO); axo

lim \/(ZEn —20)2 4+ (Y — ¥0)2 =0

n—oo
Hedunnnuara o Ka3sa, 9e ¢JHa peJuiia OT TOUYKN B paBauHara (r,y) MMa 3a IpaHnIa
Toukata (Tg,Yo) CAMO TOraBa, KOraTo ChOTBETHATA PEJMIA OT PA3CTOSHUS MEXKJLY
ToukaTa (Tg,yp) W TOUKHTE OT pejunara nMa rpanuna mynaa. e oznauasame c

T — X

{(l’,y)} - (l’o,yo) nan Y — Yo

Cera moxkeM Jia JAeduHIpaMe MOHATHETO T'PAHUIA Ha (DYHKIUS Ha JIBE TPOMEH/INBH,
T.€.

lim  f(z,y)=A
y—>y8

Hedbunnus 2.4  Kaszsame, ue wucaomo A e epanuua na gynkyusma f(z,y),
K02aMo T — To,Y — Yo U NUULEM

lim f(z,y) = A,
Y=

aKo 3a 8CAKa peduya om MoKy (Tn,Yy), KAOKAWG Kom moukama (To,Yo), CBOMEEM-
nama peduya om GyHKyuoHaAnY cmotinocmu z, = f(Tn, Yn) uma epanuya A.

Axo B gedununusg 2.4 (xg,yo) € D u A = f(xg,yo), KazBame de GHYHKIUATA € HETPe-
KbCHaTa B TOUKaTa (Xg,%). Heka o = zo + Az u y = yo + Ay, a p = /Ax? + Ay2.
OueBnno e, 1Ue
T — o Ar — 0
Y — Yo Ay —0

Hedbununusa 2.5 Kaseame, we dynxuusma f(x,y) e nenpexschama 6 moukama
(xo,v0) € D, axo
}E}% f(xo + Az, yo + Ay) = f(z0,y0)
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YHacTHU IIpOU3BOIHU

[Ipu dbyukus wa jBe npoMenanBu z = f(z,y) MoxeM ja jeduHUpaMe TPU BHJIA
HapacTBaHe Ha QyHknusaTa: A,z— HapacTBaHe OTHOCHO z, A,z— HapacTBaHe OTHOCHO
Y U IbJHO HapacTBaHe Ha GyHKIusTa AZ.

Y
Q(z,y + Ay) Pz + Az, y + Ay)
p=VAZ T A2 | Ay
M(x,y) A N(z + Az, y)
0] €T

Axo e magena Toukarta M (x,y) u UpoMeHIMBaTa X ce U3MEHH ¢ Az, TO I MOJIYIUM
toukata N(z + Az,y). Pasmukara or croifnocrure Ha (QyHKIMATA B TE3H JBE TOUKH
ce HapWYa HapacTBaHe Ha (PYHKIIMSITA OTHOCHO T 1 ce Oeyrexku ¢ A,z

Az = f(x+ Az,y) — f(z,y)

Ananornyno, ako e jajena toukara M (x,y) u npoMenamBara y ce usMenun ¢ Ay, To
e nosryanm Toukata Q(z,y + Ay). Pasnukara or croitnocture Ha (QyHKIMATA B TE€31
JIBe TOYKH ce HapHuda HapacTBaHe Ha (YHKIUATA OTHOCHO Y H ce Oesesku ¢ Ayz

Ayz = f(z,y+ Ay) — f(z,y)

[IbyiHoTO HapacTBane Ha (DYHKIUATA Cce TOJydaBa KaToO OT CTOHHOCTTa Ha (PYHKIHATA
B ToukaTta P(x + Ax,y + Ay) usBaanm croiinocrra Ha dbynknuata B Toukata M (x,y)

Az = f(x+ Az, y + Ay) — f(z,y)

Hedbwununus 2.6  Yacmmua npoussodna na pynrkyusma z = z(x,y) omHocHo npo-
MEHAUBAMNA T HAPULAME

Az—0 Ax Az—0 Az

of (x,y)

’ /
u o3HaYaBaMe ¢ z, win f,(x,y) mwm ———=

ox

Hedbwununnus 2.7  Yacmmua npoussodna na pynrkyusma z = z(x,y) omHocHo npo-
MEHAUBANA Y HAPUHAME

lim 2v% _ i J@y+AY) — flzy)
Ay—0 Ay Ay—0 Ay

of (z,y)
0

’ /
u osHauaBame ¢ z, umm f,(z,y) um

Hedunurun 2.6 u 2.7 Hu 10Ka3BaT, Y€ HAMUPAHETO HA YACTHUTE IIPOU3BOJIHU CTABA
10 MTO3HATHUTE HU MpaBuia. KoraTo ThpcuM YacTHa MPOW3BOIHA CIPSIMO ITPOMEHJINBA-
Ta x, IpUIarame IpaBujaaTa CIPAMO Ta3W IPOMEHJIMBaA, & Y CUYUTaMe 38 KOHCTAHTA.
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Koraro TbpcuM dacTHa MPOU3BOIHA CIPAMO IIPOMEHINBATA 1, TpUIaraMe IIpaBuIaTa
CIIPAMO Hesd, & T € KOHCTaHTa.

2.1 Hamepere gacTHETE TPOU3BOIHU Ha (DYHKIUATA,
2z =2xYy3 +52%y? — 3wy + o — 2y + 1
Pewenue:
7 = 2y°(a"), + 5y*(2?);, — 3y(2); + (), — 04+ 0 = 2y°(42”) + 5y*(22) — 3y + 1 =

= 82°%y® + 10zy* — 3y + 1,

_ o 4,3 2/, 2 o 42 2 _
z, = 22" (y°), + 52°(y°), — 3z (y), +0 — 2(y), + 0 = 22" (3y*) + 52°(2y) — 3z — 2 =

= 62%y? 4+ 102%y — 3z — 2

2.2 Hamepere dyacTHUTE TPOU3BOJIHU Ha (DYHKIIAATA

z = In(z?y + 1)

Pewenue:
1 1 2xy
/ 2 / 2\/
- - 1) = —— 0) = ——2
2y Jf2y 1(LU Y )x I2y 1(y(.§l] )x ) I2y 17
1 x?
/ 2 / 2 /
= +1)Y = —— +0)= —

2.3 Hamepere gacTHUTE TPOU3BOJIHN Ha (DYHKIIAATA
z = sin(22°y* — 5)
Pewenue:

2 = con(20%?—5). (2% —5), = (), ~0).cos(2%yP—5) = 64 cos(2ay?—5),
2 = cos(2a%y? —5).(20%y? — 5)!, = (22%(y?), —0). cos(22%y* — 5) = 4z’y. cos(2zy? —5)

2.4 Hamepere JyacTHUTE TPOU3BOJIHU Ha (DYHKIIAATA

4,2
2 =eY

Pewenue:

4,2

/

! 3z*y o 3:(:4y2 4 2\ __ 3964y2 2 4N\1 3 2 3964y2

zx—(e ) =e (3 y), =e By~ (%), = 1227y e
xr



/
/ 4,2 4,2 / 4,2 / 4,2
z, = (e?’m Y ) =3y .(3x4y2)y = 30y .3x4.(y2)y = 6x4y.e3m Y
y

2.5 Hamepere yacTHUTEe TPOU3BOIHN Ha (DYHKIIAATA
2 = (2%y° +1)e™”

Pewenue:

/
2 = (a%y° + 1);.6933,2 + (2%y” +1). (69@2) = (2Iy5)€wy2 + (z%y° + 1).y2.e””y2 =

T

= emy2(2xy5 + 2%y" + y?)

/
2 = (2% + 1), + (2%y° +1). (6xy2> = (5a%y")e™” + (2 + 1) 20y.e™ =
Yy

= ™’ (5z%y* + 22" + 2xy)

2.6 Hamepere gacTHuTe TPOU3BOIHN Ha (DYHKIIAATA

23y

Z = —— —
x? +y?
Pewenue:

o @y +y7) — 2ty (@ + ), 3y(at +y7) — 20ty ay(a® + 3y)
T (1'2 +y2)2 (1'2 +y2)2 (1.2 +y2)2

. (@%y)y (2 + ) — 2y (2® + y?),, (a4 y?) - 208y (2 — o)
y (@2 + y?)? (22 + y2)? (22 + y2)?

33

YacTaUTE TPOU3BOJIHK Ha JiaJieHa (DYHKINs ce HapudaT Ollle IbPBU YaCTHU MPOU3-
BOJAHM Ha Tas3u pyHkmnusg. OT pasrieJaHuTe MPUMEPU Ce€ BUK/A, Y€ I'bPBUTE YACTHU
IIPOU3BOIHU Ca OTHOBO (DYHKIINK Ha JiBe mpoMenanBu. ClieoBaTe IHO U HA TIX MOXKEM
Jla HaMepUM YaCTHUTE MPOU3BOHU OTHOCHO T WJIM OTHOCHO ¥. Taka JlocTurame Jio 1mo-

HATUETO BTOPA YacTHA MPOM3BOAHA. ZcHo e, Ue Te ca yeTupu Ha OPOIi.

Heka e naymena dyukmuara z = f(z,y).

AKo Ha HelfHaTa II'bpPBa YacTHA MMPOU3BOHA CIPSIMO ITPOMEHIMBATA T HAMEPHUM IIaK
IrbpBaTa 4acTHA MPOU3BOIHA OTHOCHO MPOMEHJIMBATA X, TO MOJydeHaTa BTOpa JYacTHA

IIPOU3BOJHA OeJIeKUM II0 HAKOU OT cJIeIHUTe Ha9YMHM:

" " 82 . N\
Zoo(,y),  foa(2,y), a—;;(:c,y), T.C. 2, = (%)
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Yacraara IIPpOU3BO/Ha OTHOCHO IIPpOMEHJIMBaTa Y Ha II'bpBaTa YaCTHa IIPOU3BO/HaA Ha
q)yHKLLI/IHTa CIIpAMO IIPOMEHJINBATa T € BTOPa YaCTHa IIPOU3BO/HA, KOATO OeJIe?KUM 110
HAKOI OT CJAcIHUTEC Ha4YHHM:

1z " 2f . A\
Z;cy(x7 y)’ fxy(x7 y>7 8Ia ( y) T.€. ny = <Zl‘>

Ananorngno ce IIoJiyd9aBaT U APYIruTe JABE BTOPU YaCTHU IIPOU3BOJHMU:

" " a2f " i /
Zyw(x> y)> fym(x> y)> m (ZIZ’, y)> T.C. Zyw - (Zy>

" 1" a2f // , /
Zyy(l'ay)> fyy(x,y), a—yQ(ZE,y), T.C. Z,, = (Zy)
2.7 Hamepere rbpBUTE ¥ BTOPUTE YaCTHU TPOU3BOJHU Ha (QYHKIUATA

z = 22%y" + 52%y° — xy

Pewenue:
2 = 62%y° + 10xy — y
z, = 102%* 4+ 152%y* —
e = () = (6279 +102y° —y), = 12zy° + 10y°
z;y = (2,), = (62%y°+10zy° —y), = 302%y* +30zy> — 1

o= (2), = (102%* 4+ 152%y% —2), = 302%y* + 302 — 1

2y = (), = (102%y* +152%y° — x);, = 402%y® + 3022y

2.8 Hamepere mbpBUTE U BTOPUTE YaCTHU ITPOU3BOIHU Ha (DYHKIMATA

o= e2xy
Pewenue: 2
Z, = 2y’ (2zy?), = 2y*e*
zy = ey’ (2zy?), = day.e*™V
/
Z;x:(zé;); = <2y2 €2my> - 4y4 2ay>
/
R e AT
/
Z;m:(fz;); = <4:cy 62“12)96 - (4y+8xy3)62xy2
/
gy = (), = (toye) = aa(1+dzyt)e”
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2.9 Hamepere mbpBUTE U BTOPHUTE YaCTHU ITPOM3BOJIHA Ha (DYHKIIHATA

z = In(z%y® + 2)

Pewenue:
/ 2xy3
Zx - x2y3+2
Z/ _ 3:E2y2
y T x2y342
/
o= (2) = (2L _ 22 2) 20 20y _ 4yP 222
T z/x x2y342 . - (x2y3+2)2 T (x2y3+2)2
/
Z” — (Z/ )/ 2xy3 _ 6y (22y3+2)—22y3.3x2y> _ 12zy2
Ty x/y x2y3+2 y (x2y3+2)2 (x2y3+2)2
Z” (Z/ )/ o 3x2y? ! _ 6xy? (2?3 +2) 3222 22y 12z
YT y/x x2y3+2 " - (x2y3+2)2 - (x2y3+2)2
/
Z” — (Z/ )/ _ 3x2y? _ 622y(x2y>+2)—3x2y? 322y _ 1222y—3xy?
Yy y/ly x2y3+2 y (x2y3+2)2 (x2y3+2)2

3&6€ﬂ5{3BaMe, e U B TpUTE IIpUMEPa BTOPUTE CMECEHU YaCTHU IIPOU3BOJHU Ca PAaBHU.
Tosa e TaKa, 3alll0TO € B CHhJIa CJleJHaTa TeopeMa:

"

Teopema 2.1 Axo dynxyuama z = f(x,y) u nedrnume wacmuu npouscodnu fr, fi, fu,

" " "
u f,. ca nenpexscnamu 6 dadena movka (To,Yo), mo fr, (%o, Y0) = f,.(To,Yo)-

Hoxasamencmso: Hexa f(M) = [(zo, o), f(N) = f(xo+Az, 1), f(Q) = f (20, yo+Ay)
u f(P) = f(xo+ Ax,yo + Ay). (Buxk geprexa ma crp. 27).

Jla pasriiejiaMe CJIeHUTE JIBa U3pa3a:

OueBniHO €, 1€

Ja pasmuiineM 1oapoOHO BTOPUSA U3Pa3

B = [f(zo + Az, yo + Ay) — f(zo + Az, y0)] — [f (20, yo + Ay) — (20, yo)]

u Jda pasjieJaMe q)yHKLLI/IHTa Ha e/IHa IIpOMEHJINBa

o(x) = f(z,y0 + Ay) — f(z,90)

Torasa
B = p(xg + Az) — ¢(x0)
Cera MoxkeM j1a mmpeobpasyBaMe TO3M H3pa3 KaTo IPUJIOXKKM JIBa I'bTH TeopeMaTa Ha

Jarpaux (f(b) — f(a) = f'(¢)(b—a), c € (a,b)). Ioayuasame:

B = p(xo + Az) — o(z0) = ¢l (c1)(x0 + Az — x0) = ¢ (c1) Az =
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= [fi(c1,y0 + Ay) — filer,y0)]Az = f,, (c1, ¢2). Az (yo + Ay — yo) = [, (c1, c2) Az Ay,
KbJIETO ¢ € (g, T + Ax), a c3 € (Yo, Yo + Ay).

Ananorngno upes BbBexkaane Ha dyukuuara Y(y) = f(xg+ Az, y) — f(zo,y) noayaa-
BaMe:

A =Y(yo + Ay) — o(yo) = 1, (c3)(yo + Ay — yo) = 1, (c3) Ay =
= [f; (w0 + Az, c3) — fy (20, c3)]Ay = f;x(c4, c3).Ay.(xg + Ax — x9) = f;x(c4, c3)AyAx,

KbJIETO ¢4 € (X, To + AZ), a c3 € (Yo, Yo + Ay).

Ho A = B u cieoBare/iHo

f:;ly(cla co)ArAy = f;x(04, c3)AyAx

1" 1"

= foy(c1,e2) = f.(ca,03)
Axo Ax — 0,Ay — 0, T0 ¢ U ¢4 — T, & co U c3 — Yo. CiretoBATETHO

1" 1"

fmy(Im yO) = fyx(xm yO)
|

AHaJIorn4HO Ha BTOPHUTE YaCTHU IIPOM3BOIHU MOrAT Jia Ce PasryiexkaT U IPOU3BOIHI
OT T0-BUCOK peji. Hanpumep, 4yacTHUTE TPOU3BOIHU OT TPETH PEJI Ca OCEM:

832 " ( " )/ 832 " ( 7 ), 832 " ( " ),
O3 TTT xx/) T 8$28y TTY zx/Yy’ 83:8y8x TYT zy/xT
032 " AN 832’ " " 832’ " N

W = Fayy = (Zwy>y’ W = Zyza (zy:v>m7 M = Zyay = (zyac>y

832 " " / 83/2 n " /
e = e = Gl 55 =y = ()
0y28$ yyx yy/x 8y3 yyy vy’y

03
2.10 Hamepere 3 ;2 Ha dynkmmaTa  z = 2zy3 + 5a?y?.
oY
Pewenue: 5
8_; = 2 = (22'y® + 52%y?), = 82°y® + 10217,
0 =2 = () = (823> + 1021?), = 242%y> + 20z
832 " ”

— = — _ 3,2 o 3
oo = ew = (aly = (242°7 + 20ay), = 482°y + 20
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Hudepennupyemoct. dndepennuali

Heka dyukmugra z = f(z,y) uMa HEIPEKbCHATH IIbPBU YaCTHU IIPOU3BOJIHE B TOY-
kata (z,y). la pasmiegame mbiHoto HapactBane Az = f(x+ Az, y+ Ay) — f(z,y).
Upes npubassiae n u3Baxkpane Ha f(x,y+ Ay) u npuiarane Teopemara Ha Jlarpanx,
TOBa HapacTBaHe MOXKEM JIa [IPEJICTABUM 110 CJIEJIHUSA HAUWH:

Az = f(z+ Az, y + Ay) — f(z,y) =
=[fx+Ar,y + Ay) — f(v,y + Ay) + [f(z,y + Ay) — f(2,y)] =

= f;(Chy‘l‘Ay)Ax+f;(I,C2)Ay,
Kblero ¢ € (x,x + Ax), a ¢y € (y,y + Ay).

T’bﬁ KaTO II'bpBUTE YaCTHU IIPOU3BOJAHU Ca HEIIPEKbCHATHU B TOYKaTa (l’, y), TO
Az = fi(cr,y+ Ay). Az + f(x,¢0).Ay = (fr(z,y) +€1).Ax + (f(x,y) + €2). Ay =

= folz,y).Ax + fi(2,y).Ay 4 €1.Az + 5. Ay,

KbJIETO &1 U €9 KJIOHAT K'bM HYyJIa, KOraTo Az n Ay KJIOHAT K'bM HYJIa. n TaKa, UMaMe

Az = fi(x,y).Ax + f(x,y). Ay + 1. Ar + £2.Ay (2.2)

MozkeM sia pasriexjjamMe HapacTBaHeTo Ha (PYHKIUATA KATO CyMa OT JIBE ChOMpPAeMu.

Ennoro e f,(v,y).Ar + f,(z,y).Ay, a apyroro 1.Ar + €5.Ay. [I'bpBoTo chbUpaemo e

JIMHEHHO OTHOCHO HapacTBanusaTa Axr u Ay, 3al10TO YACTHUTE MPOU3BOHU IPECMET-
J— / _ !

HATH B TodkaTa (7,y) ca wucna (A= f.(z,y), B = f,(z,y)), a BTopoTo chompaemo

KJIOHU 110-0bP30 KbM HyJIa, 3alll0TO €1 U 9 KJIOHAT K'bM HYyJa, T.€.

Az = A Ax + B.Ay + 1.Ax + 9. Ay (2.3)

Hedbunumus 2.8 Axo napacmseanemo Ha eona Gynruua Ha 06€ NPOMEHAUSY MOHCE
da ce npedemasu 656 suda (2.3), mo dynkyuama ce napuua dugpepenyupyema.

C pascbKaeHHATa 0 TYK JOKa3axMe CJIeIHaTa TeopeMa:

Teopema 2.2 Jlocmamauro ycrosue edra Gynkyus 1a dse npomenausu da 6sde du-
depenyupyema 6 mowkama (x,y) € msa da uMa HENPEKBCHAMU YACTIHY NPOU3EOOHU
6 Ma3u MovKa.

O6parHo, ako B paBeHCTBOTO (2.3) mosioxkum Ay = 0, T.e. dukcupame y, u pasiemm
Ha Az 11 oIy Ium

Ayz

=A+e¢ 2.4
Ax ! (24)
UsebpruBaiiku rpannden npexof B (2.4) npu Az — 0 moaydyaBame, e
A, 0
A= lim S

De—0 Az O

Amnajyiornano, ako B paBeHCTBOTO (2.3) mostoxkum Az = 0, T.e. pukcupame x, pasiejnm
Ha Ay u u3BbPIMUM IpaHndeH npexon npu Ay — 0 mosgydaBame, ge

T.€. B ClJIa € cjeaHaTa TeopeMa
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Teopema 2.3 Heobxodumo ycrosue edna pyrryus Ha dee npomeriusy da bsde dudge-
peryupyema 6 moukama (r,y) e msa 0a uMa YGCMHU NPOU3EOOHU 6 MA3U MOYKA.

Jla ce BbpHEM 3a KpaTKO Ha MOHSITHETO HENPEKbCHATOCT Ha (GYHKIHUS B TodKka. OT
nedbunnnmsa 2.5 cieaBa

lim f (w0 + Az, yo + Ay) — f(z0,90) = 0

Ho
f(xo + Az, yo + Ay) — f(x0,90) = Az

u JeduHUIUATa 100UBa BUIA

lim Az =0,

p—0
T.e. Ha OE3KpaiiHO MaJIKO HapacTBaHe Ha apr'yMEHTUTE ChOTBETCTBA OE3KPailHO MaJIKO
n3menenne Ha dyuknuara. Cera ot (2.3) BzKIaMe, Ue € B CUJIa CjieHaTa

Teopema 2.4 Beaka duepenyupyema 6 moukama (xg,yo) PGyrkyus na dée npomen-
AUBU € HENPEKBCHAMA 8 MA3U TOUKA.

Hedbununus 2.9 [lspsomo csbupaemo 6 pasencmseomo (2.3) ce napuyva nspeu du-
depenyuan u ce beaesrcu ¢ dz, m.e.

9z(z,y) 9z(x,y)
— A -A 2.
dz pe T+ ay Yy (2.5)
WA TI0-KPaTKO
dz = 0z -AI—G—% Ay =2 Az + 2 Ay (2.6)
Ox dy Y

Ako z = z(z,y) = z, 10 ot (2.5) crensa, we dr = 1.Ax + 0.Ay = Az. Anagorudmo,
ako z = z(z,y) =y, To dy = Ay. Cregosarento (2.5) MOXKeM J1a 3aIHIIEM 10 CJICTHUA
HAYUH

dz = % dr + g—; ~dy = z,.dx + 2z,.dy (2.7)

2.11 Hamepere nmbpsus audepeniuan Ha GyHknuaTa 2z = 32°y? — 223y.

Pewenue:
2l = (32%y* — 20%y)!, = 152"y — 627y,

2z, = (32°y? — 22%y), = 62y — 227,

= dz = 2,.dx + 2},.dy = (15z"y® — 62%y).dx 4 (62°y — 22°).dy
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2.12 IIpecmeTHeTe pasmKaTa MKy HapacTBAHETO U IIbPBUS Judepennna Ha GyH-
kimaTa 2 = 22%y3 B Toukara (2, 1) npu napacteanug Ar = dr = 0.1, Ay = dy = 0.2.

Pewenue:
1. Umame 290 =2,y0=1, x=20+Ax =21, y=yo+Ay=1.2

= Az=f(2.1,1.2) — f(2,1) =2.(2.1)*.(1.2)° —2.2* =

= 2(4.41)(1.728) — 8 = 15.241 — 8 = 7.241

2.
2= (20, = day?, z; _ (2x2y3); — 6222,
= dz|(x07yo) = Z:/c(ﬂfo, yO)-de + Z;(JT(), yo).dy = 41’0y8.d517 + Gxgyg,dy
= dz|(21) = 4.2.(0.1) + 6.2%.(0.2) = 0.8 + 4.8 = 5.6
3.

= Az —dz="7.241 - 5.6 = 1.641

Hedbunutmsa 2.10 Hexa z = f(z,y) e dupepenuupyema 6 moukama (xo,yo) U
20 = f(x0,90). Pasnunama o c ypasrerue

df (o, yo)
or

af(!)fo, yo)

By (¥ — o) (2.8)

a: z—2z= (x —x0) +

ce napuua donupamesna (MaH2eHUUAAHA) PABHUHA KoM NOSTPTHUHAMA 6 TOY-
kama (Zo, Yo, 20) -

Ho z —xg = Az u y — yo = Ay. CienoBarenno B jsicHara crpana Ha (2.8) crou
IbPBUAT JiubepeHImal Ha GyHKIMsITa B ToUuKaTa (g, Yo). OT TyK cjIeBa, de IbPBUAT
nudepeHnral € paBeH Ha HapacTBaHETO Ha (DYHKIUATA MO JOTIPATeTHATa PABHIHA.

2.13 Hanumiere ypaBHEHHETO Ha JIONMpaTeIHaTa paBHUHA « KbM IOBbLPXHUHATA
2 = 22%y® B ToukaTa c abcimca Ty = 2 U opJuHaATA Yy = 1.

Pewenue:

20 = Z(an yO) = 222 = 8a Z;($7 y) = 4l’y3, Z;($7 y) = 61’2y2,
2(2,1)=42=8, 2(2,1)=6.2>=24,
=  a:z—-8=8r-2)+24(y—1) <= a: 8 +24dy—2—-32=0
a mpecmeTHeM allIMKaTaTa Ha TOYKaTa OT (v, KOATO HMa KoopauHaTu z = 2,1 u

y = 1,2. [lonyuasame z = 8.(2,1)+24.(1,2)—32 = 16,8+428,8—32 = 45,6—32 = 13, 6.
Torasa z — 29 = 13,6 — 8 = 5,6 = dz|(2,1) (6uorc npednama 3adava 2.12).
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Ako na mbpBud JndepeHnual HaMepuM MaK IbPBUs JudepeHIiual, moayIaBaMe BTO-
pusi audepeHIUAI Ha QYHKIUATA, T.€.

d*z = d(dz) = (z.dx + z,.dy),.dz + (2,.dz + 2,.dy),,.dy
= (z,,.dx + z;x.dy).dx + ( dx + z - dy).dy

=z (dr)? + 2z;y.dx.dy + z;y.(aly)2 =z di® + 2z, - dr.dy + z dy

2.13 Hamepere sropus mudepentual na GyHKIIATa 2 = 1532

Pewenue:
Z, = (%), = 32%y°, 2, = (2%y7), = 227y,

= (32°y%), = 6ay®, 2, = (32%y7), =62y, =2, = (22°y), = 22°

= d*z = 6xy®.da® + 122%y.de.dy + 223 .dy?

[IpogbizkaBaliku 10 ChIMUS HAYWH ITIe OJIYIUM TPETUsl, YeTBbPTUS U CJIC/IBAIIUTE /U~
dbepenImam oT Ho-BUCOK pel - d3z, diz u T.h.
ITpouzBoaHa Ha cioXkKHaA QYHKIUS

Heka dysakmusra z = f(x,y) e mudepennupyema. Axo x = ¢(t),y = ¥(t), To

T.. z € (QYHKIHUA Ha eTHA IPOMEH/INBA.
[Ile moxaxkem, |e

dz 0z dv 0z dy

gz, =Y 2.9
it 0r dt oy dt (2.9)
Jloxazamencmeo: Ot ToBa, ue dyHkuuaTa e JudepennupyemMa Ciaeasa, de
0 0z
Ar=2Ar+ &2 Ay + e1.Azx + 5. Ay (2.10)
o oy
Pazzensame nsere crpanu Ha pasenctso (2.10) ¢ At u nosyuasame
Az 0z Ax 0z Ay e1.Ax+e3.Ay
— = — 2.11
At or AN oy AT A (2.11)
Tbit kaTo
dz . Az dx . Az dy . Ay

T AOAL @ Ao AL At At Ar
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TO paBeHCTBOTO (2.9) 11e O'bje JI0KA3aHO, aKO JIOKAYKEM, Ue

AhtIE}O 51.Ax2—t52.Ay _0 (2.12)
[TpeobpasyBame £1.Ax + £5.Ay 10 CIeHAST HAYWH:
£1.Ax + 9. Ay = e1.Ax + 9. Ay _ \/m (2.13)
, JAr AP
[Ile mokaxkem, 4de u3paza £(p) = AT F ea Ay KJIOHH KbM HyJa, Korato Ax u Ay

VAT T A

KJIOHAT KbM Hy/1a (p — 0), T.e. lin% £(p) = 0. Hancruna,
p—

e1.A €9.A A A
(o) = |l 28 Ve 4] =0,
VAx? + Ay? VAx? + Ay? VAx? + Ay?
Ax A
3alll0TO \/m Slﬂ'\/ﬁ S]_

Toit kato dyukmuuTe © = @(t),y = () ca qudepeHUpyeMu, TO Te ca HEMPEKbCHATH
1 Ha Ge3KpaiiHo MaJIKO U3MEHEHHEe Ha t ChOTBETCTBAT OE3KPaiiHO MaJIKKU U3MEHEHHs Ha
x uy, r.e. or At — 0 ciensa, ve Ax — 0 u Ay — 0, T.e. p — 0. Torasa

A A VAZ? + Ay?
lim ! s e lim 5(p).£ = lim 5(,0).M =
At—0 At At—0 At At—0 At
Az\°  [Ay\’ ,
= i i — =7 _ 2 N2 —
i:r%€<p>-i1@o\/ (5) + (&) -overTar-o
C ToBa JI0KA3ATEJICTBOTO € 3aBbPIIEHO. u

Heka dyukmusara z = f(x,y) e mudepennupyema. Axo z = p(u,v),y = (u,v), 10

z = z(u,v) = f(x(u,v),y(u,v)),

T.e. 2z e DYHKIWUA Ha TPOMEHJIMBUTE ¥ W v, TOCPEJCTBOM CTapuTe ¥ # Y. B To3m
ciaydail MoxKe Jia ce JoKaxKe, 4e

0: _0: or 0 0y
ou Oxr Oou 0y Ou

0: _0: ox 0: 0y
ov  Oxr Ov Oy Ov
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I'pagmenT u mpomns3BoHA II0 IIOCOKA

Heka z = f(x,9) u 5 (cosa, cos 3) e euHIIeH BEKTOP.

Hedbunumua 2.11 Bexmopsm

—— (0f Of
dz|=—,=— 2.14
grad (k.5 (2.14)
ce napua 2paduenm, a CKaiapHomo npoussedenue na 2paduenma u 6exmopa s (cos a, cos (3)
0 — 0 0
a—z =gradz.s = 8_£COSOH_ a—gcosﬁ (2.15)

H
ce HaPuYa mPou3eodHa No NOCOKa, 0pedesera om 6eKmopa S .

Ho kakro 3Haem or jgedwununugra Ha ckajgapHo npusseienue (Bucma maremaruka,
gact 1), cKaJIapHOTO MPOM3BE/IEHIE € PABHO Ha MPOM3BE/ICHIETO OT JIbJIKUHATA HA €11
HUsT BEKTOP U ITPOEKINATa HA BTOPHUS BbPXY HAIIPABIEHUETO, ONPEIETEHO OT IIbPBHUsI
T.€. . .

a.b =|dlup, b

CrenoBaTeno

0z —— _—
95— gradz.’s = |grad z|np gradz s (2.16)

ﬁ
OueBniHO € obate, Te MPOEKINsITa Ha BEKTOPa S BDBPXY OCTa, ONpeIeeHa OT IPaIi-
o —
eHTa 1e ObJie HAll-ToJIAMa, KOraTo I'PAJIMEHThT U S Ca eJHOIOCOYHO KOJIMHEapHU, T.€.

1. C'motinocmma ma npoudsodHama no nocoxa 6 dadena movwka e Hatl-20AaMa, K02amo
H

noOCOKAMA MG 8EKMOPA S CBENAJA C NOCOKAMA HA 2PAdUEHMA U € PABHA HaA JBAHCUHA-

ma Ha epaduenma.

Toit kKaTo CcKaJIAPpHOTO MPOU3BEIHUE Ha JIBA IEPIICHINKY/ISIPHA BEKTOpa € PaBHO HA
HYyJI1a, TO

2. Axo 6 dadena mouxa nocoxkama e nepneHIuUKYAAPHA HA NOCOKAMA HA 2PAdUEHrMa, Mo
nPouU3eodHAMA € PABHA HA HYAQ.

Heka z = f(z,y) e nedunupana B obaacrra D. Jla pasriemgame Bcuiku TouKu (,y) €
D, B xouro f(x,y) = ¢. MHOXKeCTBOTO OT BCHYKHM TaKUBAa TOUKH € HIKAKBA JIMHUSI.
Ako B3eMeM Jipyra CTOWHOCT Ha KOHCTAHTATa ¢, TO I MOJydIuM Jpyra JuHus. Tesu
AUHUY CE HAPUAM AUHUY HA HUBO U 04%C6UIHO €, e MOBA €4 NPOCKUUUME GBPIY
pasrunama Oxy Ha Aunuume, KOUMO ce NOAYUAEAM 0M NPECUAHEMO HG NOEBPIHU-
nama z = f(z,y) ¢ pashunume z = c. 3HaEHKN JUHUUTE HA HUBO, JIECHO MOYKEM Jia
u3cje/BaMe Xapakrepa Ha nobpxuuHara z = f(x,y). e mokaxkem, ue

3. I'paduenmasm 6 dadena mouka e nepneHduKysaper Ha MUHUAMG HG HUBO, MUHGEAU
npe3 Mmasu MovKa.

Haucruna, neka M (zg,yo) € TOYKaTa OT JUHUATA HA HUBO U JIa BbBEJIEM O3HAYCHUSITA

a = fi(z0,y0), b= f,(w0,y0). Torasa npasara g, onpesesnena or M u rpajuenta mva

ypasHenue g : b(x—1xg) —a(y —yo) = 0. CireoBaTessHO BITIOBHIT KODUIMEHT HA § €
/

b fi(xo0,%0)

k,=—="—""""7".
I a fg'c(l"o,yo)
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,Z[OHI/IpaTe.HHaTa KBbM JIMHNATa Ha HUBO B TOYKaTa M nMa ypaBHeHI/Ie
. o /
t: y—yo=y(xo)(x —x0).

Hudepenmupaiikn pasenctsoto f(x,y) — ¢ = 0, momygasame f, + f,.y' = 0. Crenosa-
TEJIHO

y/— L — f;($0?y0)
=k = I
fé(l"o, Yo)
OueBngno ky.ky = —1 1 TBBLPAECHEETO € JOKA3AHO. [ |

2.14 TlpecmerHere rpajuenta Ha gynxkmuata  z = 2 + xy® B Toukarta M(2,1) u
POM3BOJHATA TI0 TIOCOKaTa, onpejesera or Toukara M u Touka N(5,5).

Pewenue: Hamupame mbpBuTE 9acTHU IIPOU3BOIHH.
r_ 3
2y, =2x+y
/o 2
Z, = 32y

—_—

CiieJloBaTesIHO TPaeHTLT uMa Koopaunatu grad(2x + 1y, 3zy?). B Toukara M(2,1)
—

rpaguenTsT ¢ grad(b, 6).

— —
Bekropbr, onpezenen or asere touku, ¢ MN(3,4). Heroara nbmkuna e |[MN| =
—
V32 442 = 5. CyieioBaTeIHO €IMHAIHASAT BEKTOD 110 HalpaBieHue Ha BekTopa M N
e s (2,%). Ilpurarame dopmysa (2.15) 1 3a npousBojHATa 110 IOCOKA HA BEKTOPa 5
53) . :
HOJTy IaBaMe
0z ——

3
gzgradz.?:5-5+6~—:—.

®opmysia Ha Teitabp

[Ipeun 1a uzBesem dopmystara Ha Teftabp 3a PYHKIMSA Ha JBE TPOMEHJIUBH, I ITPH-
nomMuuM opmysnre Ha Teitrbp n Ha Makaopbh 3a HYHKIUS Ha €IHA TPOMEHIHBA.
®dopmyna Ha Teitabp:

fl/(xo)
2!

f/l/ (56’0)
3!

f(@) = f(xo) + f'(20)(x — m0) + (z — m9)® + (z — m9)*+

w(:p — z0) TV

(n+ 1) ¢ € (@0, )

®opmyna va MakmopsH (79 = 0):
(n+1)
n f (C> $(n+l)

SO ) IO

f@) = FO)+ 1O+ 5 i o ]

ce(0,x)

Qopwmynata Ha Teitabp 3a PyHKIUA Ha JIBe TPOMEHJIUBU M3pa3sgBa HapacTBAHETO HA
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dbyuknuaTa upe3 pudepeHnuaanTe OT IIbPBHU, BTOPU U MO-BUCOK peJl. 3a HEHHOTO n3-
BeXK/JIaHe e U3I0JI3BaMe TOAX0/IsIa (DYHKIUS HA eHa ITPOMEHInBa 1 (bopMyJiaTa Ha
MaxopbH.

Ha pasrienave HapacTBanero Ha gyHukimsta z = f(z,y)
Az = f(z,y) = f(@o,0) = fzo + Az, y0 + Ay) — f(x0, o) (2.17)
1 pyHKIUATa HA eHa TPOMEHJINBA
F(t) = f(xo + t.Az,yo + t.Ay) (2.18)
Ot (2.17) u (2.18) cienpa, [e
Az = F(1)— F(0) (2.19)
Ha npunoxkum 3a dyaknusta F(t) dbopmynara na Makiopbha. [losyaaBame

Pty = FO)+ PO+ 20 T O f(ﬂ:?l(;)

tm ) e e (0,1) (2.20)

[Tpu t = 1 or (2.20) moayvyaBame, e

F"(0) FM ()  F®H(e)
Az=F(1)—-F(0)=F t 2.21
z (1) (0) (0) + ottt (1) ce(0,t) (2.21)
Cera octasa camo ja mpecmetnem F'(0), F”(0), --- , F™(0), F®+(e).

F(t) Of (xg + t.Ax,yo + t.Ay) . dx N Of (xg + t.Ax,yo + t.Ay) ‘ dy
N Ox dt y dt

_ Of(wo +t.Ax, yo +t.Ay) /
_ Of (xg + t.Ax,yo + t.Ay) Azt Of (xg + t.Ax,yo + t.Ay)

Ox dy

Of (xg + t.Ax,yo + t.Ay)

(yo + t.Ay), =

CienoBaresno

df (o0, o)

F(0) = ox

Az +

W . Ay = df(x07y0>7

r.e. F'(0) e paBHa Ha wbpBus JgudepeHiman Ha (QYHKIUITA, TPECMETHAT B TOYKATA
(,’,Uo, yO) .

Pt = Of (xo + t.Ax,yo + t.Ay) A Of (xo + t.Ax, yo + t.Ay) Ayl At
N [af(l'o + t.Aa:B,yo HEAY) N (30 + t-A;vyO +1.Ay) .Ay} Ay =
T Y

Y
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P f(xo + t.Az,yo + t.Ay) . O f(xo + t.Ax,yo + t.Ay)

Ax> Ay - A
D12 T 0yOx yoart
) 2
+8 f(xo 4+ t.Az,yo + t.Ay) Aw- Ayt O f(xo + t.Ax,yo + t.Ay) N
0xdy y?
) 2
_ Pl tAr g+ tAY) o O (@0 +EAT g +EAY) Ay+
o2 00y
+82f(:):0 + LAz, yo + L.Ay) Ay
Oy?
CrenoBaTeaHo
9 f (o, yo) & f (0, yo) 0* f (%0, o)
ney — 9 T\T0Yo) A o 07T (T0, Yo) Z LTI N2 = (g2
F"(0) = ye Az® + 2 900y AzrAy + EIE Ay” = d” f(wo, yo),

re. F”(0) e paBua na Bropus audepeHnuan Ha QYHKIUATA, TPECMETHAT B TOYKATA
(,’L'(), yO) .

Ananormano
F///(O) = dsf(xmy(])? e 7F(n) (0) = dTLf(x(], y0)7 F(n+1)(c> = dn+1f(clv 02)7

KbJIETO ¢ € (g, ), ¢ € (Yo,Y)-

Bamecrsaiiku B (2.21) mosyuasame popmystara Ha Teitabp

flz,y) = f(l’o,yo)+df(x0’y0)+M+_ ‘ _+d”f(:)so,yo)+dn+1f(cl,02)

ol nl mrnr 22)

Crenpamara dpopmyra e popmysiata va Teitrbp, pasnucana 10 Bropus jiudepeHIa
f(z,y) = f(zo,90) + [ falzo, yo) Az + fg:(%’yo)Ay) } +

1 /! ! /!
—|—§ | (e, ) Ad® + 2fn,(c1, ) Ay + 1 (c1, ) Ay | (2.23)

ExcrpemyMm Ha (yHKINsS HA ABEe IIPOMEHJIMBA

Heka dyukiusra z = f(x,y) e qeduHnpana B OKOJIHOCT Ha TOYKaTa (Tg,Yo)-

Hedbunnnnus 2.12 Oynxuyusama z = f(r,y) uma A0KAAEH MAKCUMYM 6 MOUKA-

ma (o, Yo), axo cowecmsysa okoanocm \Js(xo, yo), makasa we ¥(z,y) € Us(zo, vo) €
usnoaneno Az = f(x,y) — f(zo,y0) < 0.

Hedbwunnus 2.13 Oynxuyuama z = f(x,y) uma A0KaGAEH MUHUMYM 6 MOYKAMA
(z0,Y0), ako cowecmeysa okoanocm Js(xo, o), marasa we ¥(z,y) € Us(xo, vo) € us-
noanerno Az = f(x,y) — f(zo,y0) > 0.
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TouknTe Ha JOKAJTHM MUHUMYMH W JIOKAJTHH MAKCHUMyMH ce HapudaT TOYKHA Ha
JIOKQJIHU €KCTPEMYMM.

Teopema 2.5 (Heobxodumo ycaosue 3a ekcmpemym) Axo gynxyuama z = f(x,y)

e dupepernyupyema 6 moukama (Lo, Yo) U UM AOKAAEH EKCTNPEMYM 6 MA3U MOUKG, MO

af(gmyo) = 0
(2.24)
Of (@o.y0)  _
8290 - 0

Jlokasameacmso: Ako dbukcupame poMeHnBaTa y = Yo, T0 GyHknuara z = f(x,yo)
craBa (DYHKIMSA caMO Ha ITPOMEH/IMBATA T, U 3a Hesl € B cuia Teopemara Ha Pepma.
CiiemoBaTeiHO IIPOU3BOAHATA B TOUKATa Ty € paBHa Ha HyJia, T.e.

af(x(b yo)

B = 0.

Amnajytornano, ako puKcHpamMe MpoMeHImBaTa £ = xg, T0 GyHKImATa 2 = f(x9,y) craBa
dyHKIMA camMo Ha IMPOMEHINBATA ¥, U 3a Hesd OTHOBO € B cuja TeopemaTa Ha Pepma.
CiteoBaTETHO TTPOU3BOHATA CIPSIMO Y B TOUKATa ¥y € paBHA Ha HYJIa, T.e.

df (o, vo)

By =0.

TO‘{KI/ITG, B KOUTO IIbPBUTE 9aCTHU ITPOU3BOJHU Ha (byHKHI/IHTa Cce aHyJ/impar, c€ Hapu-
9aT CTaluOHAPHMU TOYKMH.

2.15 HamepeTe cTanmponapHuTe TOYKH Ha GyHKIHATa 2 = x2y + 22y + 2.
Pewenue: Hamupame mbpBuTe dacTHu npousBogau. Te ca:
2l =2xy + 2y =2y(z+ 1)

z;:x2—|—2x—|—2y

CraIuoHapHUTe TOYKHU IIe HAMEPUM KaTO PeIIiM CHCTEeMATa
2y(z+1) = 0
2 +2r+2y = 0

Ot rbpBOTO ypaBHEHHUE Ha cucTeMata cienBa, ve y =0 wm xr+1 =0, te. x = —1.
CitejioBaTeTHO TpsOBa Jla PEIUM CJICBAIIUTE JIBE CUCTEMU:

> +22+2 = 0 P 4+20+2y = 0
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U CJIes TOBa, Ja OO0 UHUM PEITeHUATa M.

[IbpBata cucrema nma nBe pemtenns © = 0,y = 0 uw ¢ = —2,y = 0, a Bropara camo

enno ¥ = —1,y = —. CnenoBareaHo GyHKINATA UMa TPU CTAIMOHAPHU TOYKU:
’ 2

1
M(0,0), N(-2,0) u P (—1, 5) .
Teopema 2.6 (Jocmamsuyno ycaosue 3a excmpemym) Hexa Pynryusma
z = f(x,y) uma nenpexscrhamu wacmmu npouseodny, do émopu ped u mowkama M (g, yo)
e cmayuonapna mouka. Bseeocdame o3navenuama:

A= f:;/;p(x(b yO)v B = f;;/y(x07 yO)v C = f//y(x(]vy(])

A B
B C

1) Axo A > 0, gynrxuuama uma excmpemym 6 mouxama M (xo,yo) u
- axo A < 0, mosu excmpemym € A0KAAEH MAKCUMYM
- axo A > 0, mosu exkcmpemym € A0KAAEH MUHUMYM

A:‘ ‘:AC’—B2

2) Axo A < 0, pynryusma nama excmpemym 6 moukama M (xq, yo).

3) Axo A =0, ca neobxodumu dONsANUMENHU USCALOBANUA.

/loxazameacmeo:

[Ipurarame dopmynara na Teitrbp 710 BrOpus nudepeHnua, OTIATANKA e TOYKaTa
M (g, 7o) e cranmonapua (nspsusm dugepenyuans 6 Mmasu MoUKa € paser Ha HYAQ).
[TonyuaBame

1
Az = D) [ fi(cr, c2)Ax® + 27 (1, c2) Axly + frr (c1, c2) Ay® | (2.25)
T’bﬁ KaTO BTOPpUTE YaCTHU IIPOU3BOJHU Ca HEIIPEKbCHATU, UMaMe:
fowler, c2) = fru(zo,0) +e1= A+ e (2.26)
fay(crsc2) = fr,(x0,90) + €2 = B + &3 (2.27)
fgyy(clvc2) = fg;/y(x(]’y(]) +e3=C+¢3, (2.28)

K'bJIETO €1, €9, €3 KJIOHAT KbM HyJsa, Koraro p — 0.

Bamectsanme B (2.25) f) (c1,¢2), fi,(c1,c2), fi,(c1,¢2) cprmacno (2.26), (2.27), (2.28)
1 TIOJTy TaBaMe:

Az = % [(A+e)A2% +2(B +e3) AzAy + (C + £5)Ay? | (2.29)

1 1
= Az= 3 [ AAz? + 2BAzAy + CAy? }—1—5 [ e1Ax% + 26, Az Ay + e3Ay? ] (2.30)

Broporo cvbupaemo B (2.30) KjioHE OBbP30 K'bM HyJIa M CJIEJIOBATEHO 3HAKBLT HA Az
ce orpeJiesisi OT IbPBOTO ChOMpaeMo (J1a ro o3HaduM ¢ L)

L= % [ A.A2* +2B.Ax.Ay + C.Ay? | (2.31)
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[Tpeobpasysame L no ciennus Hauns (A # 0):

[ [ A2A2% +2A.B.Ax.Ay+ ACAY* | =

24
= i [ A2.A2® + 2A.B.Ax. Ay + B*Ay? — B?Ay> + A.C.Ay* | =
_ i [ (AAz + B.AY? + (A.C — BY)AY | = i [(AAz+ BA) + AN ]
N Taxa ]
L=o7 [ (A.Az + B.Ay)? + A.Ay? | (2.32)

1) Ako A > 0, To B cpefHUTE CKOOM MMaMe CyMa OT JiBe HEOTPHIATEHI ChOUpaeMu 1

cjae10BaTe/IHO 3HaK'bT Ha L IIie ce olpenesada oT KOG(bI/IILI/IeHTa apes ckobaTa T.C.

or A.

1
2A°

- Axo A <0, 10 L <0, me. Az < 0. CreoBareiHO (DYHKIUATA UMa JIOKAJIEH MaKCH-
myM B Toukara M (xq, yo).

-Ako A > 0,10 L >0, T.e. Az > 0. CeroBaresino pyHKIUATA UMa JIOKAJTEH MUHAMYM
B Toukara M (xo, yo)-

2) Ako A < 0, To B cpeiHUTE CKOOU NMaMe PA3/InKa OT JBe HEOTPUIATETHU ChOUpaeMu
U MOXKE Jla Ce MOKayKke, de JBHKEHKU ce 110 pa3/indiu HauuHu KbM Touka M (g, yo),
3HAK'BT Ha L IIe ce CMeHs U CJIeJ0BATeIHO (DYHKIMATA HAMA Ja IMa eKCTPEMyM B TOU-
kara M (g, yo). B To3m cayuaii ce ka3Ba, ge Toukara M (xg, yy) € C€ITOBUIHA TOUKA.

3) Ako A = 0, ca HeOOXOAUMU JIOI'bJIHUTETHA M3C/Ie/IBAHUST IPe3 U3MO0JI3BaAHE (DOPMY-
jgata #Ha Teitrbp 70 audepeHIain OT MO-BUCOK e WK JIPYTY HAYUHMI. |
2.16 Jla ce uscieBa 3a JOKaIHu eKerpemyMu dynknuata z(x,y) = 22 — zy + y> +
T — oy — 3.

Pewenue: Hamupame mbpBuTe U BTOpUTE 4acTHU 1pou3Bojanu. Te ca:

z2o=2r—y+1

z,=—r+2y—5
A 2 =2
B: 2z =-1
C: z, =2

CTaHI/IOHapHI/ITe TOYKHU € HaMEPUM KaTO PEIINM CucremMaTa

2r—y+1 = 0

—r+2—5 = 0
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OT wbpBOTO ypaBHEHHE Ha CHCTEMATa CJIe/Ba, 9e Yy = 2r + 1 ¥ 3aMecTBaiiKu BDHB
BTOpPOTO nostyuaBame —zx +4x+2—5=0, r.e. x = 1. CiemoBarenino y =241 = 3.
[Monyuanxme, de GyHKIWITA UMa caMo eIHa cranuonapaa Touka M (1, 3).

Jlo Tyk m3mnosBaxme Teopema 2.5. Cera TpsibBa ma m3mossBame Teopema 2.6. 3a Ta-
31 IeJ1 [IPecMsiTaMe BTOPHUTE YaCTHH IIPOM3BOJHU B CTAllMOHADHATA TOYKa (B HAIIM
cJlydail Te He 3aBUCAT OT T U YY)

A=z (1,3)=2, B = z;’y(l,S) = —1, C= z;’y(l, 3) =2,

2 _1‘:4—1:3>0

CrenoBarenno dyukiusTa nma ekcrpemym. Ot A = 27 (1,3) = 2 > 0 ciensa, 4e B
Toukara M (1, 3) nMaMe JiokajeH MUHEMYyM. CTOMHOCTTA HA TO3U MUHUMYM € Z,in =
2(1,3) =12 -34+32+1-15-3=11-21 = —10.

2.17 JTa ce uscie/iBa 3a JoKaJHu ekcrpeMymu dbynkuuaTa  z(z,y) = 22y +4zy+1y*+2.

Pewenue: Hamupame mbpBuTe U BTOPUTE YACTHH [IPOU3BO/IHU:
2l = 2xy + 4y = 2y(z + 2)

z;:x2—|—4x+2y

A 2= 2xy+4y) =2y
B: 2z = (2zy+4y), =2x+4

Ty

: (2 _
C: zy, = (2" +4r+2y), =2

CramuoHapHuTe TOYKH I HAMEPUM KATO PEITUM CUCTEMATA
2y(z+2) = 0
P +4x+2y = 0

Ot rbpBOTO ypaBHEHNE Ha cucTeMaTa cienpa, 9e y =0 mwm x+2 =0, te. x = —2.
CuresroBaTeTHO TPAOBA 7@ PEITUM CJICIBAIIUTE JIBE CHCTEMU

> +4r+2y = 0 P +4r+2y = 0

n cJjed ToBa Ja O6€,ZLI/IHI/IM pemeHnudAaTa nM.

[IbpBata cucrema uma jBe pemtenus © = 0,y = 0w x = —4,y = 0, a BropaTa camo
eqno r = —2,y = 2. Ciaegoareno GyHKINUATa UMa TPU CTAITMOHAPHUA TOYKN

M(0,0), N(=4,0) u P(-2,2).

OcraBa caMoO Ja IPUJIOXKUM TeopeMa, 2.6 3a BCIKa OT TE3W TOUKMH.
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1. Ba Toukara M (0,0) nmame:

A=200,00=20=0, B=2/00)=20+4=4, C=2/(0,0)=2

0 4

A:‘zx 2

‘20—16:—16<O

CJIG,ZLOBaTeJIHO B Ta31U TOYKa (byHKILI/IHTa HAMa €KCTPEMYM.

2. Ba Toukara N(—4,0) umame:

A=2'(-4,0)=20=0, B=2"(-40)=2(-4)+4=—-8+4=—4,

Ty

C =2 (~4,0) =2,

‘0—4

4 o ‘:0—(—4)(—4):—16<0

C.HQ,ZLOB&T&HHO 1 B Ta3W TOYKa d)YHKHI/IHTa HAMa €KCTPEMYM.

3. Ba Toukara P(—2,2) nmame:

A=20(-2,2)=22=4, B=2/(-22)=-4+4=0, C=2/(-22)=2

4 0

A:‘o 2

‘ =8=8>0
CireroBaTeTHO B Ta3u ToUKa (byHKImsATa nMa ekcrpemym. Or A = 4 > 0 cienpa, 4de
TOM € JIOKAJICH MUHUMYM.
2.18 Jla ce usciesBa 3a JOKaIHU eKeTpemyMu dbynkmuara  z(x,y) = 2 + y3 — 3zy.
Pewenue: Hamupame mbpBuTe ¥ BTOPUTE TaCTHH TPOU3BO/IHU:

2! = 3x% — 3y

z, = 3y* — 3z

A: 2l = (32 —3y), =6x
B: z, = (32" —3y), = -3

Ty

C: 2z, =(3y*—3x), =06y
CranpoHapHUTE TOYKH e HAMEPUM KaTO PElTuM CHCTeMAaTa
322 -3y = 0 -y = 0

3y?—=3x = 0 vi—x = 0
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spassBaMe OT ITLPBOTO YpaBHEHHe ¥ = x2, 3aMeCTBaMe BbB BTOPOTO U IIOIydaBaMe

'—r=0 & 2(2°-1)=0 & z@@-DE*+2+1)=0
Cnenosaremno wm x = 0, wm = 1, wm 22 + x + 1 = 0. Iocaeanoro KaapaTHO

ypaBHeHMe HsiMa peaTHH KOPEHW, 3alll0TO JUCKPUMUHAHTaTa My e orpurarenHa. OT
y = 2% cnenpa, e DYHKIMATA UMa JIBE CTAIMOHAPHN TOYKH

M(0,0) wu N(1,1).
[Ipunarame Teopema 2.6 3a BcgKa OT TOUKUTE.

1. 3a roukara M (0,0) nmame:

A=21(0,00=60=0, B=2(0,00=-3  C=2z(0,0)=6.0=0,

0 -3

A:‘—?, 0

‘:0—(—3)(—3) =-9<0

CJIG,ZLOBaTeJIHO B Ta31 TOYKa (byHKILI/IHTa HAMa €KCTPEMYM.

2. Ba Toukara N(1,1) mmame:

A=2(1,1)=6, B=2(1,1)=-3  C=2(1,1)=6,

6 -3

A:‘—?) 6

‘:36—(—3)(—3):36—9:27>0

CiresioBaTeTHO B Ta3u ToUKa (byHKImsATa nMa ekcrpemym. Or A = 6 > 0 cienpa, de
TOM € JIOKaJIeH MUHUMYM.

2.19 [la ce m3caeaBa 3a JOKAIHE eKCTPEMYMHI (byHKIHATA
2(w,y) = 20° — 29> — 32* — 3y* + 6y — 5
Pewenue: Hammpanme IbpBATE W BTOPHUTE YACTHH MPOU3BOHI:
2. = 6z* — 6z + 6y

2, = —6y* — 6y + 6

A: 2l = (62* — 62+ 6y), =122 — 6
B: =z, = (62> — 6z +6y), =6
C: =z, =(-6y*—6y+6x), =—12y —6

yy

CTaHI/IOHapHI/ITe TOYKMH 1€ HaME€pHUM KaTO pCIIUuM CHUCTeMaTa

622 —6r+6y = 0 ?—z+y = 0

—6y> —6y+6x = 0 -y —y+z = 0
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C%6HpaMe IIOYJIEHHO JIBE€TE€ YpaBHCHUA Ha CUCTEMaTa U I10JIydaBaMe

2t =y’ = (z—y)(r+y) =0,

T.€. NJIN r =1 nJjm r = —Y. C.He,ZLOBaTeHHO Tpﬂ6Ba Ja pelninuM cJjeaBaliuTe JIBe
CrucreMm
r o=y r o= —y
n
?—z+y = 0 ?—-—z+y = 0

u cJjed ToBa Ja O6€,ZLI/IHI/IM pemeHudaTa uM.

[IbpBaTa cucrema mma camo HyJaeBOTO perrenue x = y = (, a BTOpara HYJE€BOTO U
r = 2,y = —2. CieoBare/iHO PYHKIHUSATA UMa JBE CTAIIMOHAPHU TOUYKHI

M(0,0) uw  N(2,-2).

[Tpurarame Teopema 2.6 3a BCsIKa OT TOUKUTE.

1. 3a roukara M (0,0) nmame:

A=2/(0,00=120-6=—6, B=2/(0,00=6, C=-2(0,0)=-12.0-6=—6,

—6 6
6 —6

C.HQ,ZLOB&TGHHO ca HGO6XO,HI/IMI/I JOII'bJIHUTC/ITHN M3CJICABaHMA.

A= =36—-36=0

2. 3a Toukara N(2,—2) mmame: A =2/ (2,-2)=12.2—6 =18,

B=z!,(2,-2) =6, C =z (2,-2) = —12.(-2) — 6 = 18,
18 6| e
A= g|=18°—=36>0

CretoBaTetHO B Ta3u To4Ka (pyHKImaTa nMma ekcrpemym. Or A = 18 > 0 cieaBa, ve
TOM € JIOKAJIeH MUHIMYM.

2.20 JIa ce uscienpa 3a JOKAJIHU €KCTPEeMYMHU (DYHKIUATA
2(x,y) = 3%y + y* — 18z — 30y.

Pewenue: Hammpame mbpBuTe U BTOPUTE YaCTHH IPOM3BOJIHU:
[
z, = 6zy — 18

2, = 322 + 3y% — 30

A: 2l = (6xy —18)) =6y
B: 2, = (6ry—18), = 6w
C: =z, = (32?4 3y> - 30);, = 6y

CT&HI/IOHapHI/ITe TOYKHU III€ HaMEPUM KaTO PEeIIuM CucremMaTa
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6xy —18 = 0 zy—3 = 0
3224+ 3y2 =30 = 0 ?+y?—-10 = 0

NspazsgBamMe OT MbpBOTO ypaBHEHUE Ha CUCTEMATa Y = % U 3aMecTBaMe BbB BTOPOTO

ypasuenue. [losrygaBame
9
?+5-10=0 & 2'-102>+9=0.
x

Tosa e 6bukBaIpaTHo ypasHenne. Upes mosarameto 22 = t, To ce CBEKIa 70 KBaIPATHO-
To ypasnenue t2—10t+9 = 0, koero uma jse pertenusa t = 1u t = 9. CienosaTe/no

r =41 ux==43. Or noaranero y = — BWXKjaMe, 9e Korato r = +1, ¢bOTBETHHUTE
x

CTOMHOCTU Ha Y cay = %3, a KoraTto x = £3, CbOTBETHUTE CTOMHOCTA Ha Y ca y = £1.

[Tonyunxme, de pyHKIEATA UMa YCTUPH CTAIIMOHAPHU TOYKHU
M(1,3), N(-1,-3), P(3,1), M(-3,-1).
[Ipurarame Teopema 2.6 3a BCsIKa OT TOUKUTE.

1. 3a roukara M (1,3) nmame:

A=2(1,3)=63=18, B=2:/(1,3)=61=6, C=z"(1,3)=63=18,

18 6
6 18

CretoBaTeTHO B Ta3u ToYKa pyHKImATa nMma ekcrpemym. Or A = 18 > 0 cieaBa, ve
Toii e jioKaJgeH MuHIMYM. CTOWHOCTTA HA MUHIMYMA € Zpni, = 2(1,3) = 3.3+ 33 —18—

90 = —72.

A= =182 -36>0

2. 3a roukara N(—1, —3) numame: A=z (—1,-3) =6.(—3) = —18,

B=2'(-1,-3)=6(-1)=-6, C=2z/(-1,-3)=6.(-3) = —18,

Ty T Tyy

18 =6 | L o
A—‘_(j _18—18 36 >0
CiiejoBaTeiHo B Ta3u To4ka (yHkiusaTa nma ekcrpemym. Or A = —18 < 0 cen-

Ba, de Toil e jiokaseH MakcuMyMm. CTOHHOCTTA HA MAKCUMYMA € Zpyq, = 2(—1,—3) =

3.(=3) + (—=3%) + 18 + 90 = —9 — 27 + 108 = 72.

3. Ba Toukara P(3,1) mmame:

A=2(31)=61=6, B=2/(31)=63=18 C==2(31)=61=6,

6 18
18 6

C.HQ,ZLOB&T&HHO B Ta31 TOYKa d)YHKL[I/ISITa HAMa €KCTPEMYM.

A = =36—182 <0
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4. Ba roukara P(—3, —1) nmame: A=2(-3,—-1)=6.(—1) = —6,

B =2z,(-3,-1) =6.(-3) = —18, C=z,(-3,-1)=6.(-1) = -6,
—6 —18

AZ‘—lS —6

‘ =36—182 <0
CHQ,ZLOB&TGHHO N B Ta3W TOYKa (i)YHKLLI/IHTa HAIMA eKCTpeMyM.
2.21 Jla ce namepdaT Hail-rojgMaTa W Hali-MaJIKaTa CTOMHOCTH Ha (QyHKIUATA

2(z,y) = 2 + y?> + vy — bz — 4y + 10 B obnacTTa, 3arpajeHa OT KOODJAUHATHUTE
ocu u npaBata ¢ ypaBuenune = +y —4 = 0.

yu
4 B
y=4—=x
A
O 4 fiy

Pewenue: IlIbpBo 11e HaMEpUM CTOMHOCTUTE Ha JIOKAJIHUTE €KCTPEMYyMHU B TOUYKHTE,
KOUTO JieskaT BbTpe B obyactta. Crem ToBa Ime m3ciieaBaMe (DYHKIHATA TI0 KOHTYPa
Ha obJiacTTa.

Hamupanme rbpBuTe 9acTHU IPOM3BO/HU:
2o =2r4+y—>5
z,=2y+z—4
CrarponapHuTe TOYKHN [I0JIydaBaMe OT CHCTeMaTa
2r4+y—95 = 0
2y+x—4 = 0

N3pazgBaMe oT IbPBOTO ypaBHEHUE Ha CUCTeMaTa Y = O — 2T W 3aMeCTBaMe BbLB
BTOpOTO ypasuenue. [losyuasame

2b—-2r)+2r—-4=0 & 6-3r=0 & x=2,

T.e. QYHKIUATA UMa e/lHa cranuoHapha Touka M (2,1) u ta gexu Bbrpe B AOAB.
CroitnocrTa Ha ekcrpemyma e z(2,1) =4+14+2—-10—-4+ 10 = 3.

Cera mie nzcieame pyHKIHATA 110 KOHTYPa Ha 00JIaCTTa.
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1. ITo orceukata OA wmmame: y =0, 0<zx <4 un dyaknusara craBa OYHKIUI Ha
e/Ha npoMenyuBa z = o(x) = 2 — 5z + 10.

Jlocturame j10 j106pe mo3HaTa 3aja4da OT (PYHKIMS Ha €JIHA ITPOMEHJINBA - Jla e Ha-
MepAT Haii-rojsgMaTa U Haii-MajikaTa crofinoctu Ha dynkiusaTa p(z) = 2 — 5z + 10
B 3arBopenus uaTepBad | 0,4 ]. IIbpsara npoussogna ¢ () = 2x — 5 ce aHynupa upn

x =2,5u ¢(2,5) = —. CroitnocTure Ha (bYHKIMsITa B KpaulaTa HA HHTEPBaJIa ca
¢(0) =10, »(4) =6.

2. o orceukara OB umame: = =0, 0<y <4 u byukiuara craBa QyHKIHA Ha
npomensmBata y .z = Y(y) = y? — 4y + 10.

OTHOBO MMaMe TIO3HATa 3aja4a, KakTo B 1., Ho Tosu 1bT 3a Y(y) = y*> — 4y + 10
B 3arBopenusi marepsas |0,4]. [IvpBara npomssogua 9'(y) = 2y — 4 ce anyimpa
npu y = 2 u (2) = 6. Croiinocture Ha QyHKIUATA B Kpauiiara Ha MHTEPBAJIa Ca

$(0) =10, ¥(4) = 10.

3. Ilo xunorenysata AB Ha Tpubrbinuka mmame: y =z —4, 0< < 4mun
dyukiugaTa craBa GyHKIIUS Ha €Ha ITPOMEH/INBA

=2+ (v —4)* +2(x —4) — 5z — 4(x — 4) + 10 = 2* — 5z + 10,
T.e. M3CJIEIBAHETO CHBIAJIA C TOBa OT IIbPBATa TOYKA.

Haii-maskara n Haif-rosgmara croiinoctu Ha GyHKIUATA Ca CHOTBETHO Hal-MaJKaTa 1
Haif-rojigaMaTa OT IpecMEeTHATUTE CTOMHOCTH, T.€. Hail-MajIKaTa CTORHOCT Ha (yHKIHs-
Ta ce JIOCTHUTa B TOUKaTa Ha jJokaeH ekcrpemyM M (2, 1) me 2(2,1) = 3, a naii-ronsamara
croiiHocT Ha dyHKIWsTa ce poctura BbB BbpxoBere O(0,0) u B(0,4) or koHTypa 1 e

2(0,0) = 2(0,4) = 10.

3a,uat11/1 3a CaMOCToOdTeJ/JIHa pa60Ta:

2.22 Jla ce u3cie/Ba 3a JOKAJTHU eKCTPeMyMU (DYHKITUATA,
2(z,y) = (z—1)" + 4y’

Orr. zpin = 2(1,0) =0

2.23 Jla ce m3cienBa 3a JOKAJTHU eKCTpeMyMu (DYHKIIHITA,
Z(z,y) = (z+3)°+ (y — 2)°

Or1r. Zpmin = 2(—3,2) =0

2.24 Jla ce u3cie/Ba 3a JOKAJTHU €KCTPEeMyMU (DYHKITUATA,
2(w,y) = 2° +2y* — 4o + 12y

OTr. Zpin, = 2(2, —3) = —22
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2.25

2.26

2.27

2.28

2.29

2.30

2.31

2.32
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,Z[a Cce u3cJjieaBa 3a JIOKaJIHU €KCTPpEMYMU beHK]_[I/IHTa
2(x,y) = 322 + 4y* + 62 — Sy + 15

Orr. Zpmin = 2(—1,1) = 8

,Z[a Cce u3cJjieaBa 3a JIOKaJIHU €KCTPpEMYMU beHK]_[I/IHTa
2(z,y) = 22° — day + 6y” — 8z + 16y + 19

Otr. Zpin = 2(1,—-1) =7

,Z[a Cce u3cJjieaBa 3a JIOKaJIHU €KCTPpEMYMU beHK]_[I/IHTa
2(z,y) = 2% + 4y + 5y* + 2w — 6y — 80

Orr. zpmin = 2(—11,5) = —106

,Z[a Cce u3cJjieaBa 3a JIOKaJIHU €KCTPpEMYMU beHK]_[I/IHTa
2(x,y) = 32* —day +y* + 102 — 8y + 5

Orr. Zpin = 2(—3,-2) = =2

Ha ce usciie/iBa 3a JIOKAJIHE €KCTPEMYME (DYHKIUITA
2(z,y) = 2° + 3zy® — 51w — 24y

OTL. Zmin = 2(4,1) = =152, Znaw = 2(—4, —1) = 152

Ia ce uscaensa 3a JIOKAJIHU €KCTpeMyMU (DYHKIIAATA,
2(x,y) = 2° 4+ 3zy® — 5la — 24y

OTL. Zmin = 2(4,1) = =152,  Zpaw = 2(—4, —1) = 152

Ia ce uscaensa 3a JIOKAJIHU €KCTpeMyMu (DYHKIIAATA,
2(z,y) = 32% — 22/y +y — 8 + 10

O1r. Zpin = 2(2,4) =2

,Z[a Cce u3cJjieaBa 3a JIOKaJIHU €KCTPpEMYMU Cl)yHKLLI/IHTa
2r,y) = eV (2”4 297)

OTL. Zpmin = 2(0,0) =0, Zpae = 2(0,—1) = 2(0,1) = 27!
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ObukHoOBeHH AupepeHnaHu
ypaBHEHNSs

L[emna HA MA3U 24060 € 00 3aN03HAE YUMAMENA ¢ HAKOU 6UJ06E 00UKHOBEHU
dugiepeuuua/mu YPaBHEHUA U HAYUHUIME 3G TNATHOTO PEULABAHE.

OcHoBHU HOHATHSI U AePUHUIIA

YpaBHeHne, B KOETO HEU3BECTHOTO € (DYHKIIUsSI HA €/THA WJIN HIKOJIKO ITPOMEH/IMBHU U TSI
y9acTBa 3aeJJHO CbC CBOM MPOU3BOIHN WK AudepeHIuaim, ce Hapuda aAudepeHiu-
aJITHO ypaBHeHUe. AKo Hen3BecTHaTa (DyHKIUS € (DYHKIINS Ha HIKOJKO ITPOMEH/INBH,
T.e. TS y9aCTBa B YPABHEHWETO 3aeHO CbC CBOW YaCTHU TMPOU3BOIHE, YPABHEHUETO CE
Hapuva 9acTHO Au(pepeHIUAIHO ypaBHeHne. AKo Hem3BecTHaTa (DYHKIMA € PyH-
KIIMsI Ha €JIHa IIPOMEH/INBA, TO YPaBHEHUETO ce Hapudya OOMKHOBEHO audepeHIualI-
HO ypaBHeHme. Hue e pasriexjamMe caMo OOMKHOBEHH JTU(EPEHITUAHN yPABHEHUS
(OY) u mie n3myckame jgymara "oOHKHOBEHO /0obUKHOBEHH'".

Pen na nudepennmasno ypaBHeHUe HapudaMme Hali-BUCOKUS PeJi Ha IPOU3BO/IHU-
Te HA (PYHKIUATA, YIACTBAIIU B YPABHEHUETO.

O6musaT BUI Ha ypaBHEHHE OT 1L—THU peJl ¢
F(z,y,9,y",...,y™) =0, z € (a,b) (3.1)

Pemenne na gudepennmannoro ypaBHenme (3.1) Hapuuame Bcsgka (DYHKIUS
y = (), KOITO TO MpeBpbIla B THhKIAeCTBO. |'padukara Ha €IHO pellleHue Ha JIii-
depeHnIaIHO ypaBHEHNE ce Hapuva MHTerpajiHa KpuBa. Hue 1e oTbiKiecTBsIBaMe
Te3W JIBe TIOHATH.

B nmo-rosisimara "acT or Tazu IjaBa IIe ce 3aHuMaBaMe ¢ AudpepeHInaIH ypaBHe-
Hus oT bpBU pex. Heka y = y(z), z € (a,b). O6musT Bu| Ha ypaBHEHHE OT IIbPBU

pen e
F(r,y,y") =0 (3.2)
nJjm

y' = flz,y), (3.3)

aKo ypaBHEHHETO (3.2) e PeleHo OTHOCHO TPOU3BOJHATA.
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Hanpumep, ypasnenuero y' = 2z e ypaBHenue oT bpsu pej u y(x) = z? e pemenne
Ha ypasuenuero, samoro (z2) = 2x. Hemo noseue, n dbyuxuuure y(z,C) = 22 + C
(ednonapamempuuna gamurus napabosu), Kbgaero C' e MPOU3BOJIHA KOHCTAHTA, C'hIIO
ca pemtenus, 3amoto ornoso (r? + C) = 2z.

Oynknusara y = ¢(z, C'), KOATO IpeBpbIla ypaBHEHHETO (3.2) B ThK/IECTBO, Ce Hapruia
0010 pellleHne Ha yPaBHEHUETO.

Pasencrso or Buma P(z,y,C) = 0, koeto 3ajaBa 00IIOTO peIlleHUE B HESIBEH BUJI, CE
Hapwda OOII MHTerpaJI.

YacTHo pemienune Ha (3.2) e TaKOBa pellleHne, KOeTo ce ToJIydaBa 0T 00IIOTO PellleHne
3a KOHKpEeTHa cToifHoCT Ha KoHcranTtata C.

Ocobeno pemnrenue Ha (3.2) e TaKOBa PEIIeHne, KOETO He MOXKe Jia Ce TOJIydd OT 00-
IIIOTO PeIleHne 3a HUKAKBa CTOMHOCT Ha KoHcTanTtata C.

Baauara 3a HaAMUpaHe Ha TAKOBa pellenne Ha ypasaeruero y = f(z,y), KoeTo ymoB-
JIETBOPSABA YCJIOBHETO

y(zo) = Yo, (3.4)

KbJeTo (X9, Yo) € 3aja/eHa Touka B paBauHaTa Ozy, HapuyaMme 3aga4va Ha Kornm.

Yenosuero (3.4) ce nHapuda HadaaHO ycjaoBue. O6IIOTO pererne Ha T epeHInaIHo
YPaBHEHUE OT I'bPBU PEJI € eHONapaMeTprdHa (hpaMujinst KpUBU JTMHUK U 3a/]a9aTa Ha
Kormmm usuckBa Jia ce HaMepu Ta3u KpuBa OT (paMUIUATa, KOITO MUHABA IPE3 TOUYKATa
(0, o). 3amauara Ha Ko nma equncTBeHO perenne, ako dyuknusTa f(x,y) u Heil-

HaTa 9aCTHa IIPOU3BOJHA —s— Ca HEIIPpEKbCHATH.

dy

3.1 Jla ce namepu audepeHImaIHoTO YpaBHEHHE, YUETO OOIIO perieHue e (paMuinsaTa
KPUBH JINHUNT
y=(z—0C)? (—o0 <z < 400) (3.5)

Pewenue:  udepenrupame (3.5) OTHOCHO x U TOJIydaBame

y =2(x—C) (—o00 < & < 4+00) (3.6)

/
Or (36) = z—-C= % U 3aMecTBaiiku B (3.5) morydaBame

y =4y
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YpaBHeHUd C pa3jiesjieH U pa3deidiln ce

IIPOMEHJINBA
M d
Axo zamumem dyuknusra f(x,y) Bbs Buga f(z,y) = —M u oryereM, Ue y' = —y,
N(z,y) dx
ypaBHeHueTo (3.3) MOXKeM Jia 3allillleM B TaKa HapedeHaTa CHMeTpudIHa (hopMa
M(z,y)dx + N(z,y)dy =0 (3.7)

Axo dyukmuara M(z,y) e dyskius camo Ha npomenauBara x, .e M(x,y) = M(x),
a N(x,y) 3aBucu camo or npomersiuBata ¥y, T.¢ N(z,y) = N(y), To ypaBaeruero (3.7)
00uBa BUIA

M(z)dx+ N(y)dy =0 (3.8)

n ce HapuYda ypaBHEHHE C Pa3deJIeHU IIPOMEHJINBU.

PerraBarero Ha TOBa ypaBHEHHE CTaBa C HEIOCPEJCTBEHO MHTErpupane Ha (3.8):

/ M(z)dz + / N(y)dy = C.

Ho [ M(z)dz = ¢(x),a [ N(y)dy = ¢(y) n pemennero nma suga o(z)+¢(y) —C
KOETO O3HavaBa, 9e¢ OOMKHOBEHO PEIeHUETO ce mosydasa B HesseH Bun $(z,y, C)

0,
0

3.2 Pemere ypasaenuero yy — x = x°.

Pewenue: IlpeobpazyBamMe ypaBHEHHETO U TOJIydaBaMe

dy

%:xj—i-x & ydy = (2°+2)da,

v =2+ & y

KOETO € ypaBHEHUE C pa3jeseHu TpoMeHauBH. uTerpupame u rnojydaBame

3 2

2
_ 2 y_r
/ydy—/(:c + ) dz = 5 3 + 5 +C

3.3 Dopsra cu npuroTBmIa oBeceHa Kallla 1 3abessg3alia, de TeMIepaTypara Ha Ka-
mata Hamassiaa ot 100° ma 60° 3a 10 munytu. Temneparypata B cragra e 20°. Kosko
BpeMe olile TpsIOBa Jia n3vaka Bopsina, de Temneparypara Ha kainata ja crane 40°7

Pewenue: [la o3HauMM TemIepaTypaTa Ha oBeceHaTa Kama B Momenta ¢ ¢ T'(t). Ot
dbusuKaTa e H3BeCTHO, Ye CKOPOCTTa Ha M3MEHEHHe Ha TeMIlepaTypaTa Ha JIaJIeHO Tsjio
e IPOIOPIMOHAJIHA HA PA3JIMKaTa OT TeMIepaTypara Ha TSJI0TO U Ha OKP'bKaBaIlaTa Io
cpesa. CiieoBaTe/IHO MPONECHT HA U3CTHBAHE CE XapaKTepU3Upa ChC CJIEIHOTO jude-
PEHIUAJIHO yPaBHEHHE C Pa3JieJIeHH IIPOMEHIIUBU (3HAKBM MUHYC € 3aAU0MO MAAOMO
UCMUBQ).

dr

— = k(T —20) (3:9)

1 1
:>T_20dT——kdt :>/T_2OdT——/kdt
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! T - 20
= / 790 d(T—20) = —/kdt = In|T-20| = —kt+In|C| = ln‘ G ‘ — kit
CrenoBaTeiHO O6IIOTO pellieHre Ha ypasHenuerto (3.9) e
T(t) =204 C.e™ (3.10)

Cera TpsioBa ma onpegeanm kKoactanture C' u k. OT HAYAIHOTO yCJIOBHE 3HaEM, Ue
npu t = 0 Temmeparypara Ha oBecenara Karra e 100°. Ciemosarestno nmame T'(0) =
100 =20+ C.e® =20+ C, re. C=T(0)— 20 = 80.

= T(t) =20+ 80.e " (3.11)

CnenBamoro yciosue e, de npu t = 10 Temmeparypara Ha oBeceHara Karia e 60°.
Crenosarenno numame T'(10) = 60 = 20 + 80.e71% | .e. 40 = 80.e710%,
CrenoBaTeno

1 1 In 2
e =2 = —10k=Inj=Inl-I2=—l2 - k:?—o
N Taka, perenneTo e
T(t) =20 + 80.¢” 10! (3.12)

Cera e JrecHO Jia OIIpeIeSINM 3a KOJIKO BpeMe Temieparyparta e crare 40°. Vimame

In2 1
e -

40 =20+ 80.e Tt me. e — -

In2 In4 21n2

CnenoBareno Bopsira TpsiOBa ma m3daka orre 10 MuHyTH.

Aro M(z,y) = ¢1(x).2(y), a N(z,y) = ¥1(x).102(y), To ypasuenuero (3.7) mobusa
BH/JIA

©1(x).a(y) dz + 1 (x) Yo (y) dy = 0 (3.13)
" ce Hapﬂqa ypaBHeHHe C paB,Z[eJIf[I_IJ;I/I ce l'IpOMeH.TII/IBI/I.

Pasnename nsere crpanm Ha (3.13) Ha ¥1(x).02(y) # 0 u moaydaBame ypaBHEHHE C
pasjiesieHn IPOMEHIUBH:

<P1(35) wz(y)
r(e) ™ o)

dy =0 (3.14)

[Tpu pasznensinero Ha aBere crpanu Ha (3.13) ¢ ¥ (x).p2(y) MoxKe Ja 3arybuM perreHws,
KouTo ce moJrydasar ot P (x).p2(y) = 0. 3aroBa TpsibBa 1@ MPOBEPUM JIATH PEIICHUsI-
Ta Ha ypaBHEHHETO 1 (x).¢2(y) = 0 Bam3aT B 0buwMs naTerpast Ha (3.14) nam me. Ako
BJIM3AT B OOIIMs HHTEIPAJ, T€ Ca YACTHU PEIICHHUs, HHAUe T¢ Ca 0COOCHN DEIICHUS.
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3.4 Pemere ypasuennero (1+z)ydr+ (1 —y)xdy = 0.

Pewenue: PaB,ZLeJIHMe ABETe CTpaHU Ha YPaBHECHHUETO C TY 7é Omnm IIoJIy4dYaBaMe

1 1-— 1 1
+Idx+—ydy20 = dr + —dx =dy — — dy
Yy x Yy

X

Nurerpupame u mnoJrydaBamMe oOIIUS HHTErPAJ

1 1
/dm—l—/;d:c:/dy—/;dy = z+In|z| =y—Inly|+C = Inl|zy|l+z—y=C

Ot 2y = 0 nmosryuaBame ome jaBe pemiennsi: ©* = 0 u y = 0. Te He MoraT ga ce moJydar
OT OOIIHS UHTEeIrPaI U CJAeJ0BATEIHO Ca OCOOEHU PEeIeHMHs.

XOMOreHHI ypaBHEHUS

Hedbunutms 3.1 Pynxuyusama F(z,y) ce napuva xomozenna om ped k, axo 3a
6caAKo t e U3NBAHEHO
F(ta, ty) = t"F(z,y) (3.15)

Hanpumep dynknusara F(z,y) = £ —y e XOMOTeHHa OT bPBU pel, 3ammoro F(tx, ty) =
tr—ty = t(x—y) = tF(z,y). Ananoruuno F(z,y) = 2? —y? e XoMoreHHa oT BTOPH eI,

Ha pasriegame judepeHIaaIno ypaBHeHre oT I'bPBU pejl B cuMerpudna (opma
M(z,y)dx + N(z,y)dy =0 (3.16)

Ypasuenuero (3.16) ce mapuua xomoreHHo, ako ¢yukuunre M(x,y) u N(z,y) ca
XOMOTEHHH OT €JIUH U CBIIU peJl, T.e.

M (tx, ty) = t*M(z, y) u Ntz ty) =t"N(z,y) (3.17)
IIpu N(z,y) # 0 or (3.17) crensa, e

Mz,y) _ Mte,ty) (t=2) MU0 _ (y)

(3.18)

N(z,y) Ntz ty) N(L %)
Crenosarenno (3.16) MoxkeM J1a 3aluIieM BbB BHIA

N(z,y)dy = —M(x,y)dx <« y’z—% & y’Zf(g>,

T.€. €¢IHO YpaBHEHNE € XOMOI'€HHO, aKO NMa BUIa
y'=f (%) (3.19)

Y
PenraBanero ma XOMOreHHO ypaBHEHHE CTaBa C Iojaranero — = z(x), T.e.
x

Y=z (3.20)
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Hudepennupane (3.20) u moayaaBame

y':z—i—xz'

(3.21)
BamecrBame y' or (3.21) B (3.19) u moxyvaBame

r.z' = f(z) — 2, (3.22)
KOETO € YpaBHEHHUE C Pa3/Ie/IeHH IPOMEH/IUEBH, T.¢. XOMOI€HHUTE YPABHEHUS UPE3 T0JIa~
ranero (3.20) ce cBexKIAT 70 ypaBHEHUsI C Pa3/IeJCHU TIPOMEH/IUBH.

3.5 Pemere ypaBuenunero (z+y)dr+ (x —y)dy = 0.

Pewenue:  Twit karo dyukuunre M(x,y) = v +y u N(z,y) = £ — y ca XOMOT€HHI
OT I'bPBU PEJI, TO ypPaBHEHUETO € XOMOreHHO. [IpeobpasyBame 10 1O CJIeJIHUST HAYWH:

dy z+vy
— d = — d’ - = 3 .
(z—y)dy=—(z+y)de o o
1+
V=gt (A0T#y) (3.23)
[oarame y = x.z, otkbAeTO §y' = 2z + x 2’, 1 3amectBame B (3.23). [ToayuaBame
, 14z
zt+rz =
z—1
, 14z
rz' = -z
z—1
dz 14+z—22+2 14+2z-2°
2 _
dz z—1 z—1
z—1 1
112: 27" (14222 70)

KO€TO € C pa3/e/iIeHn IIPOMEHJ/IMBU. I/IHTerI/IpaMe n 110J1ydaBaMe

z—1 1
———dz= | —dx
/ 142z —22 / x
1 2—2z 1
— | ———dz= | —duz,
2 / 14+22—22 / x
Bracsve unciamuTens B WbpBHUd MHTErPaJI O, 3HaKa Ha, AudepeHiaa U oIy daBaMe

1 1 1
e d(142:-2%) = [ —d
2/1+2z—z2 (1422 =27 /SL’ .

CiegoBaresno

1
ln\x|+§ln|1+2z—z2|:1n|C\ (C #0),

OTK'BJCTO CJIe]] aHTUJIOTrapuTMyBaH€E I10JIydaBaMe

xN1+22—22=C
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)
3aMecTBaMe 2 = = U IIoJIydaBaMe O6H_U/IH narerpaJi
T

2+ 2y — y? = C? (C #£0)

Crenammoro ypasuenne (3.24) e exHo 0600mIeHIe HA XOMOIeHHOTO ypasHenue (3.19)

y' =™l f <i> (3.24)
xm
ToBa ypaBHEHHE MOXKE J1a CBEJeM 10 yPaBHEHHE C Pa3JeJIeHH IPOMEHIUBH, aKO HOJIO-
T z(x), Te.
xm

y=a"z (3.25)

Hudepennupane (3.25) u moaydaBame
Yy =ma™ 42 (3.26)

Bamecrame y' ot (3.26) B (3.24) u momydasame

ma™ 1z a™ = 2™ f(2)

xj—; = f(z) —mz
1 1
f(z) —mz dz = ;dz,

KO€TO € ypaBHCHHE C pa3Ae/ICHU ITPOMEHJINBU.

YpaBHeHue OT BUJIA

/ 2
y' = By“+ R(x) (3.27)

ce Hapuda ypaBHeHue Ha Pukartu.

YpaBuenuero Ha Pukaru ce perraBa upe3 MHTErpupaHe B MHOTO MaJIbK Opoil ciaydan.

Equn Takbs caydait mvame, korato R(z) = Az~2. Torasa ypasuenunero (3.27) e or
Buyia (3.24). Haucruna,

2
y' =By’ +Ax? & y' =72 (A—I—B (%) ),
x

koeto e or Buja (3.24) npu m = —1 u f(z) = A+ B2~
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JIuHeilinu ypaBHeHUusI U ypaBHeHUs Ha bepHyJiiu

YpaBHeHHE OT BUJIA
y'+Alx)y = f(=) (3.28)
ce HapuJa JJUHEMHO. YPaBHEHUETO € JINHENHHO, 3alll0TO U Heu3BecTHaTa (PYHKIUS Y

U HeiffHaTa MPOM3BOAHA Yy’ ydacTBAT B ypaBHEHHETO Ha IbpBa crered. [lpu f(z) =0
yPaBHEHUETO ce Hapuda JIMHEHTHO TOMOo2eHH0 YDPaBHEHHNE

y' '+ Alz)y =0, (3.29)

anpu f(x) # 0 - nexomozenmo.

[Te n3Beiem dopmyria 3a peliaBaHe Ha JIMHEHHO ypaBHEHUE Ype3 TaKa HapedeHUs Me-
Toj, Ha wHTerpupariius MHOKUTET (Memod na Oftinep).

J A(z) dz

YMHOXKaBaMe JiBeTe CTpaHu Ha ypaBHeHuero (3.28) ¢ e # 0 u nojtyuaBame

y,.6fA(x)dx+A(l').y.€fA(x)dx :f(l,)efA(x)d:c

y=e JA@d [C + / flz). el A@)de d:c] (3.30)

U raka, pemenuero Ha JnHeitHOTO ypashenue (3.28) ce 3amaBa ¢ dopmysara (3.30),
KOSITO MOXKEM JIa 3alldIlleM KaTo CyMa Ha JBe ChOMpaeMu

y=C.e [A@d 4 ~]A@dr /f(x) el ARz gy (3.31)

[InpBOoTO CcHOMpaemo
Y = (. e JA@dx

OYEBUJIHO € PEIeHNeTo Ha JUHEHHOTO XOMOIeHHO ypaBHeHwue (3.29), 3aI10TO ce ToJIy-

wasa or (3.30) mpu f(z) = 0.

Broporo cnboupaemo
n= e—fA(w)dm ' /f(x) el A@)dz g,

e JacTHO perrenne Ha (3.28), 3amoTo

n'+ Ax).n=

= (e_fA(x) de /f(x) e A@)de dz) + A(z). (e_fA(x) do /f(x) e Al@)de dx) =
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= —A(x)e‘fA(m) do /f(x) . efA(w)dm dr + e—fA(m) dz f(:L’) ' efA(m) dax

+ A(x) . e_‘/~A(m) dz /f(SL’) ' e_]' Alw)de g f(SL’)

Cre/i0BaTeTHO PEWeHUEMO HA HETOMOZEHHOMO AuKelino ypasnenue (3.28) e cyma om
PEWEHUEMO NG CBOMBEMHOMO TOMOZeHHO Yypasherue (3.29) u edno wacmmo pewenue

na (3.28)
y=Y+1n

3.6 Pemere ypaBaennero y' —y = e”.

Pewenue: Ypasuenuero e juneitno ¢ A(z) = —1 u f(x) = e”. Ilpurarame dopmyrta
(3.30) u noyguaBame

y=elld {C’—l—/e””.e‘fld:‘”d:c] =e’ {C’—l—/ew.e_:”d:c] = e’ {C+/1dm}

y=e¢"[C+z]=Ce" + xe”

1
3.7 Pemere ypasuennero y' — —y = —x°.
x
" 1 2
Pewenue: Ypasaenuero e ymneiino ¢ A(x) = —— u f(z) = —z°. Ilpuiarame 0THOBO
x

dbopmyna (3.30) u mosryuaBame

yzef%dm [C—/:{:z.e—f%dwdaz} — ol {C_/xz.e—lnlmldx] = (mpu z >0) =

3.8 Hawmepere cunara na Toka [(t) B eJIeKTpUYECKA BEPHUra ChC CHIPOTUBJICHUE
R | camounnyknusa L u enexkTpojBrkemna cuia F = Ey sin wt.

Pewenue: Ot Bropus 3akon na Kupxod snaem, ye

dI
E=1 L —
R+ 7
CiemoBaresno
dI E,
L (3.32)
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R E
Ypasuennero (3.32) e nuneitno ¢ A(t) = T f(t) = TO sin wt. [Ipurarame dopmysia

(3.30) u orunraiikn, e el ¥ = @/ 1 = o osyuasane

E
1 =t for 2 famor ot (3.3)

, L , R
Ile pemum  J = /sin wt.eltdt = I /sin wt.ettd (ft) KaTo J[Ba II'bTU BHECEM

eKCIIoHeHIaHaTa (PYHKIUs [0/ 3HaKa Ha JudepeHnuaia 1 MHTerPUpaHe 1o 4acTu
(Buxk 3amaua 4.34 or BM, wacr II) u nostydenus: pesyiarar mie 3amectuM B (3.33)

L , L , ,
J:E/sinwtdelgtzﬁ(sinwt.e t—/elgtdsinwt):
L

=y

:E (sin wt.eft—w/elgt CoS wtdt) =
wlL
= —sin wt e%t—F e%tcoswtdt:
wl?
= —sin wt e%t—ﬁ coswtde%t—
By wL? By By
:Esmwt eL T coswt.eL' — [ eL'd cos wt | =

L . ; Ry wl? ( , %t—l— / By tdt)
— — S1n Wt . e — ——— | COS Wt .e w e Sin W =
R R?
B y Ry wlL? ; Ry w2L2J
— — SIn wt. e —?Cosw N& — R2

CrenoBaTeno

L L?
J=et! (W]j?ﬂ sin wt — m cos wt) (3.34)

Bamecrsame n3pasa or (3.34) B (3.33) u nosyguaBame
By Ry EO R . CUEO L
[(t)—€ L |iC‘|‘€L (msmwt—mcoswt
Ey
R? + w22
[IbpBoTo chbupaemo B (3.35) B TeueHne HA BPeMETO KJIOHH GbP30 K'bM HyJsa (3amoro

R
e Lt

I(t)=C. eI+ (R sin wt —w L cos wt) (3.35)

KJIOHU K'bM HYyJIa) U CJIEIOBATEHO Ha MPAKTHKa CUIaTa HA TOKA Ce OMPEJIeisi OT
BTOPOTO CHOMPAEMO, T.€.



67

Eq

It) = R2 + w22

(R sin wt —w L cos wt)

U T € IepuoudHa (PYHKIHMSA C¢bC ChIIaTa YeCTOTa KaTO Ta3u Ha eJIECKTPOJIBHKENIATa
cuJjIa, HO C JIpyra aMILIATy/la U HadaJiHa (a3a.

Jla HaMepuM aMILIUTyIaTa U HadaJ HaTa ¢asa. 3a Ta3u e Jga TOJOXKIM

EOR E()CUL .
m = Bcosa u m = Bsina (336)

Karo IIOBJAUTHEM Ha KBa/JpaT TE3U JBE paBEHCTBa U I'U C%6epeM IIoJryd4aBaMe

Ey
b= o (3:37)

a KaTo I'M PA3JIeIUM MOUWIEHHO
wl
arctgax = — (3.38)
R
CresioBaTesIHO 3a CHjIaTa Ha TOKA MOJIyIaBaMe

I(t) = B(cos asin wt — sin v cos wt) = B sin(wt — «)

Tosa o3nauasa, de (3.37) 3amaBa ammuryaara, a (3.38) mauaanara dasa.

ypaBHeHI/Ie OT B

y'+Alx)y = f(z).y™" (m #0,m #1) (3.39)

ce Hapuda ypaBHeHue Ha Bepnynu. Ako m = 1 wmm m = 0, ypaBHEHHETO IIe
ObJie CHOTBETHO C pa3/esieHd IPOMEH/INBI WU JIMHEHO. PemraBanero Ha ypaBHEHHETO
Ha BepHy/u ce cBexkja 10 pelnaBaHe Ha JuHeiiHO ypaBHeHue. Toa craBa 10 CIeIHNS
HaYUH:

Pasnensme nsere crpann na (3.39) ¢ y™ u nomydaBame

yimy' +A@) L = (@)
Ly Ay = f() (3.40)
Tlonarame
y' " = 2() (3.41)

Hudepennupame (3.41) u mosryuaBame

1-m—1,,71 /

1
(1=m)y y' =z & (I=m)—y'=2
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]‘ / ]‘ /
= - = - 3.42
ymy 1—mz ( )

BamecrBame uspasure or (3.41) u (3.42) B (3.40) u moayvyaBame

1_mz/+A(:c)z:f(:c) & Z+(1-m)Ax)z=(1-m) f(z), (3.43)

KO€TO € JIMHEWHO ypaBHEHue.

4
3.9 Pemere ypasuennero y' — —y = x,/y.
T

Pewenue: Vmame ypaBuenue na bepuymum ¢ m = 5 Paznensime nBere crpanm Ha

YPaBHEHHUTO C \/g n 11oJyrydaBaMe

=z (3.44)

Iloarame

VY = z(x) (3.45)

Hudepennupame (3.45) u mosryuaBane

—vy' =2z (3.46)
BamecrBame nspasute or (3.45) u (3.46) B (3.44) u mosyvyaBaMe JUHEHHOTO ypaBHEHUE

4 2 x
22/ ——z= & '——z== 3.47
di-—r=a =g (3.47)
[Tpunarame dopmysiara 3a peraBate Ha JuHeidHO ypasHerue (3.30) (A(:c) =—

u 11oJjiydaBaMe

2

2 = e2Inlel [C+/%.e‘2lnx dx]
= 22 z 1 — 22 1/1 _ 2 1
z=ux [C+/2 Izdx]—x |:C—|—2/Idllf:|—l’ <C+2ln|a:|

BamecrBame  2(z) = /Yy U IOJTydaBaMe KPailHOTO perieHue

r=el 3 [C+/£.e‘j€dmd$}

1
Vy = 1? <C+§ ln|a:|>
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Tounu ypaBHeHUs

VpaBuenue oT BHUIA

P(z,y)dr+ Q(x,y)dy =0 (3.48)
ce HApUYa TOYHO, aKo JigBaTa My CTpaHa € ToueH (IrbjieH) qudepeHipan Ha HIKaKBa
dbyuxmms u(x,y), T.e.

O o+ 2 dy = Pla,y) do + Qa,y) dy (3.49)

Torasa ypasrennero (3.48) mobusa Buna du = 0 u merosoro pemtenne ¢ u(z,y) = C,
Kbjiero C' e IPOU3BOJIHA KOHCTAHTA.

Yeaosuero (3.49) e eKBUBAJIEHTHO ChC CJIEJHATE JIBE YCJIOBUS:

o~ Play) (3.50)
B ou
o= Q) (3.51)

CresiBarmara TeopeMa € HEOOXOIUMO U JOCTATHIHO yCJIOBUE €HO YpaBHEHUE OT BUIA
(3.48) ma 6bae Touno. Bropara wacr Ha JOKAa3aTeJICTBOTO IOKA3Ba HAYMHA HA pellla-
BaHe Ha TOYHO AU(EPEHINATHO yPaBHEHNE.

oP
Teopema 3.1 Hexa gynxyuume P(z,y), Q(z,y), a0 v 8—Q UMAM, HENPEKBCHATNU
Y x
npoudsodru. Ypasrenuemo (3.48) e mouno moeasa u camo moz2asa, K02aMo
orP  0Q
— =0 3.52
Jdy Oz ( )

/loxazameacmaeo:

1. Heka ypaBuenuero e touno, T.e. B cuia ca yciaosugara (3.50) u (3.51). dudepentu-
pame (3.50) ornocro y, (3.51) oTHOCHO Z U HOJydaBaMe CbOTBETHO

orP  9?
o_gt (3.53)
oy  O0xdy
0Q 0%u
— = 3.54
Oor  Oyox ( )
Ho xaxTo 3maem or ['taa 2, BropuTe cMeCeHN NMPOU3BOAHN Ca PABHU M CJICIOBATEIHO
orP  0Q
oy  Ox

2. Heka cera e usmbineHo yenosuero (3.52). Ille mokazkem, de ypaBHEHHETO € TOYHO
kKaro HamepnM GyHKuusg u(x,y), TakaBa dYe 3a Hes JIa Ca W3IbJIHEHH YCIOBHITA
(3.50) m (3.51). Unrerpupame (3.50) OTHOCHO IpOMEHJIMBATA T, & WHTEIDAIMOHHATA
KOHCTaHTa MOKe J[a 3aBUCH OT JIpyrara npoMmenansa, y. [losydaBame

ula.y) = / Plr,y) dz + o(y) (3.55)
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Hudepennupane (3.55) orrocro y u 3amectBMe B (3.51). [ToayuaBame

Ou d [ P(z,y)dx

o o +¢'(y) = Qz,y)

= =0y - S gy - [Sa e

B mocienroTo paBeHCTBO M3MOI3BAXMe TeopeMa, aHAJOTWIHa Ha Teopema 1.7 oT pas-
nen “Unrerpar, 3aBucenr or nmapaMerbp Ha [1asa 1.

Cera aie JOKazKeM, Y€ JddCHaTa CTpaHa

oP

Qz,y) — o dx (3.57)

B paBeHCTBO (3.56) e dyHKIMA caMo Ha MPOMEH/IUBATa Y. 3a Ta3W IeJ Ie HaMepUM
npousBoHaTa Ha (3.57) OTHOCHO X W Ile MOKayKeM, 4e Tsl € paBHa Ha HyJsa. Haucruna,

0z.9) oP CaQ 9% dr o oP 0
l’ —_— —_— —_——
Y ay “9r 0z 0xr Oy
CienoBaresno
Q(x,y) / —dr =
u ot (3.56) moyuasame
— [ vy
¢ koero Hamepuxme u dyukiuara u(z,y) = [ P(x,y)de+ [y [
3.10 Pemere ypasnennero (3z° + 6zy?) dx + (62°y + 4y*) dy = 0.
Pewenue: TlposepsiBame Jiajiu ypaBHEHUETO € TOUHO.
P(x,y) = 32% + 62y Q(z,y) = 622y + 49°
Nmane
oP 0Q
=12 — =12
oy = 12 o Y,
U CJIeJIOBATEIHO YpaBHEHUETO e TouHO. YesoBusta (3.50) u (3.51) ca
0
% = 322 + 6xy? (3.58)
! 0
g 62y + 4y° (3.59)

dy
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Uurerpupame (3.58) OTHOCHO HMPOMEHIMBATA X, a IIPOM3BOJHATA KOHCTAHTA MOYKEM

Ja canraMme 3a pynkiya Ha y. [loayyaame
u(w,y) = /(3932 +6ay®) dr + ¢(y) = 2° + 32%y* + o(y)
Hudepennupame (3.60) oraocHo y
Ju

9 (2® 4+ 32%y%), + ¢’ (y) = 62y + ¢ (y)

BamectBMme B (3.59) u mosryuaBame

62%y + ¢ '(y) = 62y + 4¢°

= w(y)=4/y3dy=y4

¢ Koero Hamepuxme 1 dynkiuaTa u(x,y) = x° + 3z%y* + y?.
Pemenunero na ypaBuenuero e

23+ 3202+t = O
3apgauu 3a camocTosiTeJIHA paboTa:

311 zy —y= y2

3.12sinzy’ —coszy =0

(3.60)

(3.61)

Orr. y = C sinzx

3.13 y'sinz = yIn |y

Orr. Inly| = tg (%) + C

3.14 (v +ay®)dr + (y + yz°) dy = 0

Orr. (1+2*)(1+y*) =C
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3.15 (x* + 1)dy — a2 dr =0

3
OTr.y:x——x—irarctgx—l—C
x

3.16 (2* — ¥y’ —ay =0

22
Orr. In|Cy| + 50 0

3.17 (2y — y*) dr — 2% dy = 0

Ormr. y In|Cx| =z

318 zy' =z +y

Otrr. y =z In|Cz|

319zy —y—22=0

O y=a2>+Cux

3.20 xy’ —2y = a*

Orr. y = %+cx2

;1 2
3.21 y +Ey:—xy

Oty =y Cr

3.22 (z4y)de+ (x+2y)dy=0

Orr. 22 + 22y + 2y% = 2C

3.23 (2® 4+ > — 2z)dz 4 2zy dy = 0

Orr. 23 + 3y%x — 322 = 3C

3.24 vy’ +y = 2y

Otr. 7y(2C — 2%) = 2



73

Jluneiinn xomorennu 1Y ot n-tm pea. CTtpyKTypa Ha
peleHneTo

O6muaT Bu Ha JIMHEHHO [ndepeHIIna IHo ypaBHEHNEe OT N-TH PeJl e

Yy +a, 1 (2) y" ) -t an(2)y + ao(r)y = f(x) (3.62)

g

L(y)

Oynknuure f(z),a;(x) ca HenpexkbcHaTH, a x € (a,b).

Axo f(x) =0, ypaBuenuero ce mapuda Jjuneitno xomorenuo Y (JIXY).
Axo f(z) # 0, ypaBrenuero ce Hapuda JuHeiitHo Hexomorenno Y (JIHXTY).

OsnauaBame JjisiBaTa crpana Ha (3.62) ¢ L(y), T.e.

L(y) = y™ + an—1() y T ar(z)y’ +ap(z)y (3.63)

[To To3m Havwn jgedpuHIpPaMe €JIUH ONEPATOP, KOWTO JieiicTBa Ha (PYHKIHATA Y Upe3
pasencTBoTO (3.63). To3u omeparop e JIMHEEH, 3aIIOTO YIOBJIETBOPSIBA CJICJHUTE JIBE
YCJIOBHSI:

1. L(Cy)=C".L(y) (C — xomncranTa)

2. L(y1 +12) = L(y1) + L(y2)

[IpoBepkara Ha Te3w CBOMCTBa € eJeMeHTapHa, CJej KaTo 3HaeM IpaBuaTa 3a Jude-
penrupane. OT Te3n JiBe CBOWCTBa BejHAra CJieJiBa, de

L (Z Ch . yk> => L(Cr.yx) =Y _ Cr.L(yk) (3.64)

B caenpamure penose 1ie pasriaexgame JIXJTY
Y™ +a, (@) y" D+ bar(z)y +ag(r)y =0 (3.65)

Teopema 3.2 Axo y1,Ys,...,Yn ca pewenus na (3.65) (m.e. L(yx) = 0), mo u ecaxa

mazrna sunetina Komounayua Y (x) = Z Cryr € pewenue na (3.65).

k=1
Jlokasameacmeso: Ot (3.64) mmame
LY)=L <ch-yk) = ZCk-L(yk) = ZCk.O =0
k=1 k=1 k=1
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Hedbunutms 3.2 Kazsame, we gynrxuuume yi(x), y2(x), ..., y(x) ca aunetno 3a-
BUCUMU, AKO CBULCMEYEAM N-1a Opoti KOHCMAHMU O, (s, . . . , by, NOHE €OHA OM, KO-
UMO PA3AUNMHA OM HYAQ, MAKUCD e

a1.y1(x) + a0 ya() + -+ - + apyn(z) =0 (3.66)

Axo paBencTBoTO (3.66) € M3IILIHEHO caMO 3a vy = iy = - - - = v, = 0, PyHKIUUTE Ca
JIMHETHO He3aBUCUMMU.

Hedbunniusa 3.3 [lod pyndamenmanrna cucmema pewerus yi(x), yo(), . .., yn(T)
na JIXZLY (3.65) we pazbupame coekynnocm om n-wa 6poti AUHETHO He3A6UCUMU PE-
WEHUA HA OB YPABHEHUE.

Hedbunutms 3.4 [lod demepmunanma na Bporcku sa gynxyuume yi(x), yo(z),
.y Yn(T)  we pasbupame

y}(x) y;(az) y7(x)
Wiyi(x), y2(2), ..., yn(x)] = yl(ib’) ya() ()
v V() V@) Ly ()

Ha nbpBus pej ca Hammmcanu pyHKITUUTE, & Ha, BCEKU CJICIBAII PEJT CTOAT ITPOU3BOIHUTE
Ha QYHKIUATE OT IPEJTUITHUS PeJ.

Teopema 3.3 Axo dynxuuume y1(x),y2(x), ..., y(x) ca aunetno 3asucumu 6 un-
mepeasa (a,b) , mo Wiy (z),y2(x),...,yn(z)] =0 3a scaro x € (a,b).

Jlokasameacmso: Toit kato yi(x), y2(x), ..., y,(x) ca nuneiiHo 3aBHCHMH, CTe/Ba e
CBINECTBYBa N-TopKa (aq, g, ..., ay,) 7 (0,0,...,0), 32 KOATO € U3II'bJIHEHO

ar.y1(x) + ag.yo () + -+ - + ap.yn(z) =0

Pasrnexxmame ciienaara JnHeHA XOMOT€HHA, CUCTEMa aJINeOPUIHN YpaBHEHHSI OTHOCHO
KOHCTAHTHUTE V1, (g, . . . , Ol

a1.y1(x) + oo () + .o + . yn(x) =
a1 (z) + aoyh(x) + .o+ .yl (z) = (3.67)

Ot BM, gact I, ['naBa 5 3HaeMm, de mom eHa JUHEHA XOMOT€HHA CHCTEMa aaredpmd-
HI ypaBHEHUsI UMa HEHYJIEBO peIlleHne, JeTepMUHAaHTaTa Ha MATPUIATa HA CHCTEMATA
TpsAOBa Jia € paBHa Hysa. B Hamms ciydail JerepMuHaHTaTa Ha MaTPHUIATA HA CHCTE-
Mara e JeTepMuHaHTaTa Ha BpoHcku, T.e.

Wiy (x), ya(2), ..., yn(x)] =0 3aBCako x € (a,b)

Caencteue 3.1 Axo Wy (z),y2(x),...,yn(x)] # 0 none 3a edno xy € (a,b), mo
dynryuume yi(x),y2(x), ..., yn(x) ca aunetino nezasucumu.
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CuresiBanure JiBe TEOPEMH IIe U3JIOKUM 0e3 J0KA3aTeJICTBO, KATO BTOpaTa Teopema
U3sCHBA CTPYKTypaTa Ha pertenuero nHa JIX/IY.

Teopema 3.4 Pynryuume y1(x),y2(x), ..., yn(x) o0bpasysam dyndamermanna cuc-
mema pewenus na (3.65) mozasa u camo mozasa, Ko2amo

Wiy (x), ya(x), ..., yn(x)] #0  3a 6caxo x € (a,b).

Teopema 3.5 Axo yi(z),y2(x),...,yn(z) e Pyndamenmanrna cucmema pewenus Ha
(3.65), mo ecaxo pewenue Y (r) wa (3.65) uma euda

k=1

K50emo Ck ca NPOoU3BONHU KOHCTMAHIMU.

Ciiest KaTo 3HaeM cTpykTypata Ha perennero Ha JIXIY (3.65), To MoxeM Jia u3siCHUM
u crpykTypara Ha pemtennero xa JIHX/TY (3.62). [lle mokazkem, de obIIOTO pereHue
y(x) nma JIHXY (3.62) ce momywasa kato cyma or perrennero Y () Ha CbOTBETHOTO
JIXITY (3.65) u exno gacrao pemenne 7(x) na JIHXJIY (3.62), re.

y(x) =Y (x) +n(x)
Hawncruna, ako L(Y) =0 u L(n) = f(z), To

L(y) = LY +n) = L(Y) + L(n) = 0 + f(z) = f(2)

O6parno, veka y(z) e pemenue Ha (3.62) u 7(z) € ¢IHO YACTHO pEIICHIE HA CHIIOTO
ypasuenue. Torasa 3a pasmukara y(z) —n(x) moaydaBame

Ly —n) = L(Y) = L(n) = f(z) = f(x) =0,

re. y(x) —n(x) e pemenne uva JIXJY (3.65) u cremnosarenno

y(x) —=n(z) =Y(z) & ylz)=Y(r)+n()

Joryk mayunxme, 4e 3a ja pemasame JIHXIY ot n-tu pem TpsiOBa ja MOKeEM Jia ce
CIIpaBsIMe YCITEITHO C JIBe Hella:

1. a pemaBame cborBeTHOTO JIXJIV.
2. /la mamupame gactuo pemtenne na JIHXTY.

B cjleJBaliud pas3aesl me ce 3aHnMacM C II'bpBaTa 3a/a4a, KOraTto KOG(i)I/IHI/IeHTI/ITe B
YpPaBHEHHUETO Ca KOHCTAHTH.
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JImneitan xomorennu /1Y oT n-Tu pej ¢ MOCTOSHHU
KoedpuneHTn
PaBI‘JIe}KrZLaMe YpaBHEHUETO
y™W ta,_ oy V4 fary +ag.y=0 (3.68)

3a Ja MmokazkeM Kak ce peliaBa TOBa ypaBHEHHUE e HU € HeoOXOIMMa CJIeIBalaTa JemMa,
IIPY JIOKa3aTeJICTBOTO Ha KOATO e U3MOoJA3BaMe ciieAcTBHE 3.1 OT MpeIuiiHus pa3iest.

Jlema 3.1 1. Qynxyuume 1,z,2%,..., 251 ca aunetino nesasucumu.
2. Qynrkyuume €T e .. e ca AUHETHO He3aBUCUMU, GKO T1,T9, ..., Ty CG PA3-
AUYHY YUCAQ.
3. Qynwyuume e x.e™, ..., 2* e ca aunetino nesasucumu.
/loxazamenacmaeo:
1.
1 x 22 .. k=1
0 1 2z .. (k —1)a*2
Wz, ., 2" )= 0 0 2! .. (k—1)(k—2)2F3 | =20.3l...(k—1)#0
0 0 0 (k—1)!
2.
ere era2® e'n®
r.en? ro . e Ty .em"
W[€T1x, 67’290’ ’67’7%] n
n—1 rT n—1 rox n—1 rnT
rhe rnT.e T e
1 1 1
_ (ritretetr)z | T1 T2 - Tp
—e n % 0’
—1 n—1 n—1
Ty ) Tn

3aIlI0TO eKCIOHEHINATHATa (DYHKIIMA € BUHATH ITOJIOXKUTEIHA, & ITOCAeTHATA IeTEPMU-
HaHTa € JieTepMUHAaHTa Ha BaHaepMOHI 1 Td € pa3udHa OT HyJia KOraTo YuciaTa 7;
ca pPa3JIndHU.

3. Tyk mie nsnossBame gedununusra. TpsabdBa ja JoKazKeM, 9e PABEHCTBOTO
ap. €+ ag. . €+ Fag. 2 e =0

€ Bb3MOXKHO CaMoO 3a vy = Qig = -+ - = oy, = 0.

Uznacame €' # 0 mpej ckobu U mojrydaBamMe

oy 14+ ag. o+ Fop. 2 =0

o l4ag. o+ Fa. 2" =0
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Ho Beue nokazaxme, 4e pyukmunTe 1, 2,22, ..., 2" "1 ca amHeiiHO He3aBUCHME U ClTe-

JOBATEJIHO (v = Qig = -+ = g = 0. n

Cera MOKeM Jla MPUCTBINM KbM periaBaneTo Ha ypasaenue (3.68). T'bpcum pererne

OT BHJIA

/ 1!
y =re”, y"=r¥", .., y(") =re™

u 3amectBame B (3.68). [ToxyuaBame

e " ar .+ ag) =0

n cjieJl CbKpalllaBaHE Ha em 7é 0

Ly vidar.r+ay=0 (3.69)

"+ a1 .1""
Ypasaenueto (3.69) ce HapnUa XapaKTEPUCTUYHO ypaBHEHHUE Ha ypaBHeHneTo (3.68).

Ba pasmuka or (3.68), To e anreOpUYHO ypaBHEHHe OT N-Ta CTeleH W OT OCHOBHATA
reopeMa Ha anrebpara (BM, gacr I, I'taBa 2) ciensa, ue uma n-aa 6poil KOpeHu, OT-
YUTANKN U TIXHATA KPATHOCT.

H_[e pa3rjiejaMe pa3/IM9YHUTE CJIydau:

1. Hexa xapaxmepucmuyHoOmo ypasHeHue uma n Ha 6poli pa3auvHu pean-
HU KOPEHU T1,T9,...,Tn.

Ha Te3m kopenu cborBeTcTBaT (BYHKITUUTE

Tnx

yi(x) =™, p(x) =™, L yn(x) = e

Ot Jlema 3.1 ciiesBa, e Te ca JIMHEHHO HE3ABUCUMH W Tbil KaTo ca n-Ha Opoii, Te
obpaszysar dbyHIaMEHTAJIHa CUCTEMA pellieHus. ToraBa criopes TeopeMa 3.5 perenueTo
Ha (3.68) e ymHeiina KoMOUHAIUST OT (DYHKIIUUTE HA Ta3U CUCTEMA, T.€.

Y()=Cr.p1(x) + Co.yp(x) + -+ Choyp(x) =C1 .+ Cy 6™ 4+ -+ C . ™
3.25 Pemere ypasueanero y” — 5y’ + 6y = 0.

Pewenue:  XapaxkTepucTudanoto ypasmenme ¢ 12 — 5r + 6 = 0. KopernTte my ca
ri1=2 u 7y =3. Ha nbpeus Kopen choTBercTBa GyHkmusra yi(r) = e**| na Bropus
yo(x) = € u pemennero e

y(r) = Oy .e* + Cy.e™
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3.26 Permere ypasuennero y” — 3y’ — 10y = 0.

Pewenue: XapaxTtepucruunoro ypasaenue e r2 — 3r — 10 = 0. Kopenure my ca

rp = —2 u ry =5 Ha mbpsus Kopen choTsercTBa gyHkmuata y(z) = e 2% Ha

BTOpHA ¥2(7) = €52 u permenuero e

y(l’) = Cl . 6_290 + C2 . 6590
3.27 Pemere ypasuennero y" —2y” —y’'+ 2y = 0.

Pewenue: XapaKTepUCTHYHOTO ypasHenue e 1° — 212 —r + 2 = (. I'pynupame nbpBo
1 TPeTo chOUpaeMo, BTOPO U YeTBBLPTO U MOJIydaBaMe

P er—2rt42=0 & r(r*—-1)-20r-1)=0 & (*-1)(r—-2)=0

CrenoBareHo KopeHure ca 11 = —1, ro=1mu r3 = 2.
Ha mbpBus kopen cborBercrBa dyHKiuara yi(zr) = e %, Ha BrOpust Yys(x) = €*, Ha
Tperus y3(x) = €** u pereHneTo e

y(x) =Cr.e "+ Cy.e” 4+ Cy.e*

2. Hexa xTapaxmepucmuuyHoOmo YPaBHEHUE UMA CAMO PEAAHU KOPEHU, OM
Koumo edun e k-kpamen 11 =719 =--- =T =71 u ocmanaaume n —k ca
PA3ANUYNHU PEAAHY YUCAR Tki1, Tki2, -5 n-

B to3u ciyuait dyuxnunte

_rz . re k=1 _r _  TkailX _rpT
yi(@) =€, yalx) = xe’™, ..., yp(@) = 2" €™, yp(x) =™ yp(a) = €™
ca JIMHETHO He3aBHCHUMHU U Tbhil KaTo ca n-Ha Opoil, Te obpasyBar dyHIaMEHTAJJIHA
cucrema pemtenusi. Toraa cropes Teopema 3.5 perennero Ha (3.68) e smHeiiHAa KOM-
ouHarysg oT (PYHKIIMUTE Ha Ta3U CUCTEMA, T.C.

Y(2) = Cre™ 4 Coze™ + - - + Cra" ™ + Cpyre™ % 4 - + Cpe’™”

3.28 Permere ypasuennero y” — 4y’ + 4y = 0.

Pewenue: XapakTepucTuaHoTo ypasHenue 12 —4r+4 = (r—2)? = 0 uma eun JBoeH
KOpeH 711 =19 = 2.

OynjlaMeHTaIHaTa cucTeMa perenus e yi(z) = e2* u yq(x) = xe
YDaBHEHHETO €

2y pemennero Ha

y(x) = O1.e** + Cy . ve* = e**(Cy + Cy . 1)

3.29 Pemere ypasuennero y” —3y” + 3y’ —y=0.

Pewenue: XapakrepucTuunoto ypaphenue r°—3r?+3r—1= (r—1)3 = 0 uma ejun
TPOEH KOPEeH 71 =19 =13 = 1.

DynjgamenTaaHaTa cucTeMa perienus e yi(xr) = e
pelleHneTo Ha YpaBHEHHETO €

Toys(x) = we®, ys(z) = 2% u

y(z) = Cp.e" 4+ Cy . we” + Oy . 2%e” = **(C, + Cy .z + Cs3. 27)
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B creasamure pasriexaanus 1ie HE e Heobxoauma dpopMmytata Ha Oitrep
o .o
e = Ccosy + 18I
U cJIeIHaTa

Jlema 3.2 Axo dynruyuama z = u(z) +i.v(r) e pewenue na (3.68), mo u(zx) wu
v(x) ca cowo pewenusa na (3.68).

Jlokasameacmeso: 1lo ycmosue L(z) = L(u+i.v) = L(u) +i.L(v) = 0. Ilocaeanoro
e BB3MOXKHO camo ako L(u) =0 u L(v) =0 |

3. Hexa rapaxrmepucmuvHomo ypasHeHue uma KOMNAEKCHU KOPEHU.

Ako 71 =a+1ib e KopeH, TO U 79 = a — ib € CbIIO KOPEH, 3alI0TO aKO €IHO aJl-
reOpUIHO YpaBHEHHE C peaHu KOeHUIIUEHTH UMa KOMILIEKCEH KOPEH, TO KOMILIEKCHO
CIIPETHATOTO MY YHUCJIO ChINO € KOPEH.

Ha r; =a+1b cborBernHara dbyHKImA €

7, () = elatiVT — a7 oibT — 00T (o5 by 4 jsin bx) = €% cos bx 4 i . sin b

Ha ro =a —1b cvorBernara dyHkius e
To(x) = @707 = 9% o710 — 0% (o5 by — jsin ba) = €™ cos bx — i . sin ba
Ot Jlema 3.2 ciresBa, 1de aBere (DyHKIIAN
yi(x) = e . cosbr u  ys(x) =€ . sinbx

CbIIO Ca PEIIeHUA. Tesn (byHKHI/II/I ca, JIMHEUHO He3aBHUCHUMH, 3alllOTO

e . cosbx e . sin bx

Wiy (), y2(2)] = ae™ .cosbr — be™ .sinbxr ae®™ .sinbx + be®® . cosbx -

20z cos bx sin bx
a.cosbr —b.sinbxr a.sinbz +b.cosbz

=b.e*(cos’ z + sin®z) = b.e** #£ 0

1 TdX B3eMaMe 3a CbOTBETHU Ha ,HBOfIKaTa KOMIIJIEKCHH KOPE€HH.

4. Hexa xapaxmepucmuyHOmMoO YypasHeHUE UMa k-KpamHu KoMnaekcHU KO-
peHu.

ToraBa aHAJIOrMYHO Ha BTOPUS CJIydail CbOTBETHUTE (DYHKITUHU Ca

€™ . cosbx, xe® . cosbx, x2e™ . cosbr, ..., 2¥71e . cosbr

2ear 27 1e®™ | sin bx

e* . sinbx, xe® . sinbx, .sinbx, ...,
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3.30 Permere ypaBuennero y” — 4y’ + 13y = 0.

Pewenue: XapakTepucTHUHOTO ypasHenue r2 — 4r + 13 = (0 uma Kopenu

4+16—-52 4++/-36
N 2

5 =2+31

e =
Chorsernute Gynxnun ca  yi(z) = €**cos3xr u  yo(z) = €**sin3z  u pemenuero e

y(zr) = O .e** cos 3z + Cy . 2" sin 3z = €**(C cos 3z + Cy sin 37)

3.31 Permere ypasuennero y"” —4y” 4+ 9y’ — 10y = 0.

Pewenue: XapakTepucTHYHOTO ypasHenue e 13 — 4r2 + 9r — 10 = 0. Upes cxemara
na XopHep

11 -419110
a=211-215]0

JIECHO BUZKJIaMe, Y€ eJJUHAAT KOPEH € YUCJIOTO JiBe, & OCTaHAJNUTE JBa KOpeHAa HaMUupaMe
KaTo peluM KBaJpaTHOTO ypashenue 12— 2r + 5 = (0. CiegoaTeHo KOpeHHUTe ca

7“1:2, 7’2’3:1:*:22.
Crvoreernure pyukiun ca  yi(z) = €**, yo(x) = e®cos2z u  yz(r) = €”sin2z.
Pemennero e

y(r) = C1.e* + Cy.e" cos 22 + C3. e sin 21 = C . €** + €"(Cy cos 27 + Cs sin 21)

3.32 Pemere ypapnennero y'V +2y” +y =0.

Pewenue: Xapaxrtepuctuunoro ypashenue ¢ 1t +2r? +1 = (7?2 + 1) = 0. Cienona-
TEJIHO KOPEHHUTEe ca T19 = i, T34 = —i, T.€. KOMIUICKCHO CIIperHarara JBoiiKa +i ca
KOpPEHH ¢ KPaTHOCT JIBE.

CrworBeTHUTE (DYHKINN CA

0 0.

y1(x) = e cosx =cosx, ys(x)=mwe" cosx =xcosz,

0 0

ys(x) = e¥sinx =sinx, y3(xr) =ze’siner = rsinx

Pemenunero e

y(x) = Cicosz + Coxcosx + Cysinx + Cyzsinx
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JIuneitan HexomoreHunu /1Y oT n-Tu pej ¢ NMOCTOAHHN
KoepUIMEeHTN 1 CIIeIaJIHA JISICHA JacT

Pasrie:kgame ypaBHEHIETO
Yy o,y e ta Y Fag.y = f(x), (3.70)
Kbjeto Gynknuara f(r) nma Buga

f(z) = e* [P,(z) cos bx + Q,(x) sin bz (3.71)

Tyk P,(x) u Q,(r) ca HOJIHHOME CHOTBETHO OT N-Ta U M-Ta CTEIeH.

Axo ¢ Y(z) o3HAYMM pellleHneTo Ha ChOTBETHOTO XOMOTE€HHO ypaBHeHue, a ¢ 1)(x)
enHO YacTHO perenre Ha (3.70), To KakTo Bede 3HaeM, obmoTo perrerne Ha (3.70) e

y(x) =Y (z) +n(x)

B HIpEeIUIITHNSA Pa3desl C€ HaYIUXME KaK C€ pelllaBa XOMOI'€HHOTO ypaBHEHHE W CJIEI0-
BaTeEJ/JIHO Celr'a OCHOBHaTa HU 3aJa4da € KaK Ja HaMepuM YaCTHOTO pelleHue 7](213‘)

[TbpBo mie pasriegame ciaydas b= 0. ToraBa cosbr =1, a sinbr =0 u pyuxknuara
f(z) nobusa BHIA

f(a) = e . Py() (3.72)

Bo3Mmoxkun ca ABa CJIy4dad:

1. YucaoTo a He € KOpeH Ha XapaKTePUCTUYIHOTO ypPaBHEHUE

r"+an_1.7‘”_1+~-~+a1-7”+a0:0

B ro3u cayuait Tepeum 7(z) oT BUIa

n(x) = e* . Ry(x), (3.73)

KbJeTo R, () e MOoJMHOM OT M-Ta CTEIeH C HeOIpeIeaeHn KOehUIMeHTH.

2. Yucanoro a e k-KpaTeH KOpPeH Ha XapaKTEepPUCTUYHOTO ypaBHEHUE

Py T ay .+ ag =0

B ro3u cayugait Tepeum 7(z) oT BUjIA

n(z) = z* . e . Ry(z) (3.74)

KbaeTo R, (x) e moamHOM OT n-Ta CTeleH ¢ HeolpeeIeHn KoedUuIuenTH.
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a nmpuroMHnM, de TOJIMHOMUTE C HeONpeIeJIeHn KOeUITMEHTH OT ChOTBETHATA CTEIeH
(n < 4) ce numar 1o cJIeHAS HAYNH:

Crenen ITonunom R, (z)
n=0 | A

n=1 | Ax+ B

n=2 | Az> + Bz +C

n=3 | Ax®+Ba*+Cax+ D
n=4 |Az*+ B> +Cz?+Dx+ FE

3.33 Pemere ypasuenuero y” — 3y’ — 10y = 5022 — 9.

Pewenue:

1. Pasrnexmame xomorennoro ypasueane y” — 3y’ — 10y = 0. XapaKTepuCTUIHOTO
ypasuenne e r2—3r—10 = 0. Kopennre My ca r; = —2 u ro = 5. Ha Tax choTBercTBar
bynkiuure yi(r) = e 2%, yo(x) = €°* u pemennero e

Y(z)=Cy.e % 4 Cy. e

2. Cera TbpcuM gacTHOTO perrenue 7)(z). B agcnara crpana na ypaBHEHHETO €KCIIO-
HeHIma HaTa GYHKINS JIMICBa, KOETO 03HAYABA U€ T € C HyJIEeB CTEHEeHEH MOKa3aTel,
re. a = 0. Twoil KaTo HyNaTa HE € KOPEH Ha XapaKTEPUCTUIHOTO yPABHEHHE U IIOJIV-
nombr P, (z) = Pa(z) = 502% — 9 e noJIMHOM OT BTOpa CTEIeH, TO YaCTHOTO PEIleHue
THPCUM OT BHJA

n(xr) = Az® + Bz + C

Toit kato 7(z) e pemenue, TO

n"(z) — 3n'(z) — 10n(z) = 50z* — 9. (3.75)

Hamwupame mbpBaTa u BropaTa Ipou3BoHu Ha 1)(x)

n'(x) =24z + B, n"(z) =24,

3amecTBaMe B (3.75) U moJrydaBame
2A — 3 .(2Az + B) — 10(A2* + Bx + C) = 502> — 9

—1042% — (6A + 10B)x +2A — 3B — 10C = 502* + 0.2 — 9

Ho aBa monmmoma ca paBHH caMO aKO KOeMUIMEHTHUTE IIPeJ ChOTBETHUTE CTEIICHH Ca
pasuu. Cire1oBaTETHO

—10A = 50
—6A - 108 = 0
2A-3B—-10C = -9
Ot nmbpBoTO pasencTso Hamupame A = —5, 3aMecTBamMe BbB BTOPOTO U HaMUpPaMe

B =3, a or tperoto C' = —1.
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CrenoBaTeno
n(r) = =52 + 3z — 1

Pemenuero na ypaBueHuero e

y(x) =Y (z) +n(z)=Cy. e 40y e — 524+ 3 —1

3.34 Pemere ypasuennero y” + 2y’ = 1222 + 4z — 4.

Pewenue:
1. Pasriexxiame xomorennoro ypasaenne y” + 2y’ = 0. XapakTepucTUIHOTO My
ypasuenne 72+ 2r = r(r +2) = 0 uma xopenu 7, = 0 u 1y = —2. Ha Tax

2

cvoreercriar dbynkuunte yi(r) = % =1, yo(x) = e~ ** u pemenunero e

Y(ZL’) = Cl + 02 . 6_2x

2. Cera TbpcuM gacTHOTO perierne 7(x). OTHOBO ekcroneHnna HaTa OyHKINS JIUIICBA,
re. a = 0. Tosu mbr, obade, HynaTa ¢ KOPEH Ha XapaKTEPUCTHYHOTO ypPaBHEHHE,
nosunombT B, (z) = Po(x) = 1222 + 42 — 4 e NOJMHOM OT BTOpa CTENeH U 9acTHOTO
peleHne uMa BH/IA

n(x) = 2(A2* + Bx + C) = Az® + Ba®* + Cx

Twit kato 7)(z) e pemenue, TO

n"(x) +2n'(x) = 122% + 4z — 4. (3.76)

[IbpBara u BrOpaTa Mpou3BoHU HA 7)(T) ca

n'(z) = 3A2° + 2Bz + C, n'"(x) =6Ax + 2B.

Bamecrsame B (3.76) n mosydaBame

6Ax + 2B +2.(3A2° + 2Bz + C) = 122° + 42 — 4

6Ax* + (6A+4B)x + 2B + 20 = 122° + 4z — 4

Ho nBa mosmmHOMa ca paBHE caMO akKo KOepUIIMEHTUTE IpeJi CbOTBETHUTE CTEIEHH Ca
pasuu. Cire10BaTETHO

6A = 12
6A+4B = 4
2B+2C = -4
OT mbpBOTO paBeHCTBO Hammupame A = 2, 3amMecTBaMe€ BbB BTOPOTO M HaMUpPaMe

B = -2, a ot tperoto C = 0.

CiemoBaresno
n(x) = 2% — 227

Pemennero na YPaBHEHHUETO €

y(l’) = Y(LL’) + 7](1’) = Cl —+ C2 . 6_2m -+ 25(73 — 25(72
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3.35 Pemere ypasaenuero y” + 2y’ — 8y =5 .e37.

Pewenue:
1. Pasruexxgame xomorennoro ypasaenune y” + 2y’ — 8y = 0. XapakTepucTuaHOTO
ypasuenne e r2+2r—8 = 0. Kopennre my ca 71 = 2 u 79 = —4. Ha Tax chorsercTBar

2x

dynxmure yi(2) = €, yo(z) =W

I PENICHIETO €
_ 2z —4zx
Y()=Cr.e+Cy.e

2. Tepcum wactaoTO perenne 7(z). Tbil KaTO YNCIOTO B CTENeHHMS MOKA3aTesl HA
eKCIIOHeHIMaIHaTa (MyHKINg a = 3 He € KOPeH Ha XapaKTePUCTUIHOTO ypaBHEHHE
u nosmuoMbT P,(x) = Py = 5 € moJnMHOM OT HyseBa CTEIEH, TO YaCTHOTO PEIICHne
TbPCUM OT BHUJA

n(z) = A.e*

Twoit kato 7(z) e pemenue, TO

n"(z) +2n'(z) — 8n(z) =5 .. (3.77)

Hamupame mbpBata u BropaTa MpoOU3BOIHA HA 7)(T)

n'(r) =3A.e*, n’(z)=94.6%,

3amecTBaMe B (3.77) u moJydaBamMe

0A .3 +2.34.3 —8A e =5 .e*

TA .3 =5.¢e"
CokpamasaMe Ha 3% # (), momydasame A = g u
CJIEJTOBATE/THO

W) =2 e

Pemenunero na ypaBnenuero e

y(r) =Y (x) +n(z) = C.e* +Cy. e + = - ™

| Ot

3.36 Pemere ypasnennero y” + 2y’ — 8y = (2r — 5) .e3.

Pewenue:
1. Pasruexxgame xomorennoro ypasuenune y” + 2y’ — 8y = 0. XapakTepucTuaHOTO
ypaBHEHUEe UMa KOPeHU 711 = 2, ry9 = —4 U penrenneTo Ha XOMOI€HHOTO YpaBHEHHE €

Y(SL’) = Cl . 6290 + Cg . 6_4m

2. Cera Tbpcum uacTHOTO perierne 7)(x). T'bil KaTO YUCIOTO B CTENEHHUS TOKA3ATEI
Ha eKCIIOHEHI[MaIHaTa (PYHKIMS ¢ = 3 He € KOPeH Ha XapaKTepUCTHIHOTO ypABHEHUE
u moauHoMbT P, (x) = Pi(x) = 2x —5 e HOJUHOM OT I'bpBa CTENeH, TO YaCTHOTO
pellleHne ThbPCUM OT BHJIA
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n(z) = (Az + B) .e**

Twoit kato 7)(x) e pemenue, TO

n"(z)+2n'(z) — 8n(z) = (2x — 5) .e*". (3.78)

[IbpBaTa u BTOpaTa MPOM3BOAHN Ha 1)() ca

n'(r) = A.e* + 3(Ar + B) .e** = (3Az + A+ 3B) .¢*"

n"(z) = (3A) .e** + 3(34Ax + A+ 3B) .e* = (9Ax + 64 + 9B) .€*".

BamecrBame B (3.78) u mosydasame

(9Ax 4+ 6A +9B) .€** + 2 .(3Ax + A+ 3B) .€* — 8(Ax + B) .e** = (22 — 5) .**

(TAz +8A +7B) .** = (2x — 5) .e**

Coxpamasame Ha 3% # (0 u HoydaBame

TAx +8A+T7B =2z —5

HpHpaBHHBaMe KOGCI)I/IHI/IGHTI/ITG apez eIHaKBUTE CTEIICHU:

TA = 2
8A+7B = -5
2
Ot mbpBOTO paBeHCTBO Hamupame A = = 3aMeCTBaMe BbB BTOPOTO U HaMHUpPaMe
51
B=——.
49
CrenoBaTeno

(2 51
CEESIE

y(@) =Y (@) +n(e) = Cr.e” + Cp. e + (%f’f - %) &

Pemenuero na ypaBueHuero e

3.37 Pemere ypasuenuero y” — 5y’ + 6y = (4z + 3) .€*.

Pewenue:

1. Pasrnexmame xomorennoro ypasaenne y” — 5y’ + 6y = 0. XapaKTepucTUIHOTO
ypastenue 12 —5r+6 = (0 uMa KOpeHu 7 = 2, 7'y = 3 U PEIIEHUETO Ha XOMOTEHHOTO
ypaBHeHUE €

Y(SL’) = Cl . 6290 + C2 . 6390

2. Cera TbpcumM dacTHOTO perierne 7)(x). Tbit KATO YUCIOTO B CTENEHHUS TOKA3ATE
Ha, eKCIOHEHIAJIHATa (DYHKINA @ = 2 € KOPEH Ha XapaKTePUCTUIHOTO ypaBHEHHE
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u mounHoMbT P, () = Pi(x) = 4x + 3 € HOJUHOM OT I'bpBa CTENEeH, TO YaCTHOTO
peIlleHre ThbPCUM OT BH/IA

n(r) = (Ax + B) .e** = (Ax* + Bx) .e**

Twoit kato 7n(z) e pemenue, TO

n"(z) —5n'(x) + 6n(z) = (4z +3) ™. (3.79)

Hamupanme mbpBata u BropaTa MpoOU3BOIHA HA 7)(T)

n'(r) = (2Ar + B) .e* + 2(A2® + Br) .€* = (242% + 2Ax + 2Bz + B) .e**

n"(r) = (4Ar+2A42B) .e** +2(2A2*+2Ar+2Ba+B) .€** = (4Ax*+8Ar+4Bx+2A+4B) .€**

Bamecrsame B (3.79). Pesynrarsr e

(4A2*+-8Ar+4Br+2A+4B) .€**—5 (2A2° +2Ax+2Ba+B) .€** +6( Az’ +Bx) .e** = (41+3) .**

(—2Az +2A + 5B) .** = (42 + 3) .e**

CoxpamasaMe Ha €2 # () u noaydaBanme

—2Ax +2A+5B =42+ 3

Ho nBa monmHOMa ca paBHH caMO KOraro KOepUIIMEHTUTE IpeJ ChbOTBETHUTE CTEIeHN
ca pasau. Cjie0BaTeTHO

—2A = 4
2A+5B = 3
Ot mbpBOTO paBeHCTBO Hamupame A = —2, 3aMecTBamMe BbB BTOPOTO U HaMUpaMe
7
B=-.
5
CrenoBaTeno

n(z) = (—2:62 + gx) e

1 pelIeHrueTo Ha YypaBHEHUETO €

y(r) =Y (x) +n(x) =C. e 4+ Cy. e + (—2:52 + gz) e
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Ha pasriemame cera obmus caydail, korato dyaknugra f(x) uma Buma

f(z) = e [P,(z) cosbr + Q. () sin bx] (3.80)

u P,(r) u Qn(xr) ca moauHOME CHOTBETHO OT N-Ta ¥ 1M-Ta CTEIECH.

Bo3Mmoxknn ca ABa CJIy4dad:

1. YUncsoro a+ 0.7 He e KOPeH HA XapaKTEPUCTUYHOTO yYpaBHEHUE

Py T ay .+ ag =0

B ro3u cayugait Tepeum 7(z) oT BUIA

n(z) = e . [Rs(x) cosbx + Ts(z) sin bx] , (3.81)

kbiaero Rg(r) m Ty(x) ca noamHoMu c HeompejejeHn KOehUIMEHTH OT CTEleH
s = max(n,m).

2. Yucaoro a+0b.7 e k-KpaTeH KOpeH Ha XapaKTEPUCTUYHOTO ypaBHEHUE

"t Gy " b a T+ ap =0

B ro3u cayugait Tepeum 7(z) oT BUIA

n(x) = ¥ . " [Ry(x) cos ba + Ty(x) sin ba] (3.82)

kbiero Rg(r) m Ty(x) ca noaumHOoMHu ¢ HeompejejeHn KOeUIMEHTH OT CTEleH
s = max(n, m).

3.38 Permere ypasuernero y” — 3y’ + 2y = 2sinx.

Pewenue:

1. Pasruexxgame xomorennoro ypasaenne y” — 3y’ + 2y = 0. XapakTepucTuaHOTO
ypastenue 12 —3r+2 =0 uma Kopeuu r; = 1, ry = 2 U peIIEHUETO Ha XOMOTEHHOTO
ypaBHEHUE €

Y(z)=Cy.e" + Cy.e*
2. Tbpeum wacrroTto pemtenue 7)(x). Thit KaTo
Om(

f(z) =2sinz = €™ (0cosx + 2sinx),

0o a=0 u b= 1. Hucmoro a+bi = i He e KOPEH Ha XapaKTEPUCTUIHOTO YpaBHEHUE U
s = 0, 3aI0TO MOJTMHOMHUTE IIPEJ] TPUTOHOMETPUYIHUTE (DYHKIIUU Ca OT HYJIEBA CTEIICH.
YacTHOTO pelteHne ThbPCUM OT BUJIA

n(z) = Acosx + Bsinx

Twoit kato 7)(x) e pemenue, TO
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n"(x) —3n'(x) + 2n(x) = 2sinz (3.83)

Hamupame mbpBata u BropaTa MpoU3BOIHA HA 17)(T)

n'(x) = —Asinz + Bcosz

n"(r) = —Acosx — Bsinx

BamecrBame B (3.83) u mosrydasame

—Acosx — Bsinx — 3(—Asinx + Bceosx) + 2(Acosz + Bsinz) = 2sinx
—Acosx — Bsinx + 3Asinx — 3Bcosz + 2Acosx + 2B sinx = 2sinx
(A—3B)cosz + (3A+ B)sinz = 2sinx
(A—3B)cosz + (3A+ B)sinz = 0cosx + 2sinx

Ho (byHKHI/H/ITe cosT U sinz ca JUHEHHO HEe3aBUCUMU U cJIe10BaTe/JIHO

A-3B = 0
3A+B = 2

Ot mbpBOTO ypapHeHue u3paszsgBame A = 3B, 3aMecTBamMe BbB BTOPOTO U MOy daBaMe

10B = 2. Torasa B:é u A:3B:§.

CiemoBaresno

@) Ll
r) = —COSXT —SINnIx
" 5 5

1 pelIeHueTo Ha YPpaBHECHUETO €

3 1
y(z) =Y (z) +n(z) =Cr.e" + Cy.e** + gcos:z:jL gsinx

3.39 Pemere ypasuennero y” — 2y’ + 10y = 12¢” cos 3.

Pewenue:
1. Pasruexxiame xomorennoro ypasaenue y” — 2y’ + 10y = 0. XapakTepucTuaHoTO
ypasmenue 12 —2r + 10 = 0 nMa KopeHn

2+4—40 2+£/=36  2+6i
a 2 N 2 92

=1%31

r1,2

1 pelneHneTo Ha XOMOI'€HHOTO ypaBHEHUE €

Y(z) =C).e"cos3z 4 Cy. e"sin3x = €*(Cy . cos 3z + Cy . sin 3x)
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2. Topeum gacrraoTto pemenue 7)(x). Thit kKaTo
f(z) = 12¢° cos 3z = €”(12. cos 3x + 0.sin 3x),

0 a =1 u b= 3. Yucnoro a+bi = 1437 e KopeH Ha XapaKTEPUCTUIHOTO YPaBHEHUE U
s = (), 3aI0TO MOJIMHOMHTE TIPEJ, TPUTOHOMETPUIHUTE (DYHKITUU Ca OT HYJIEBa CTEIIECH.
CitetoBaTETHO YACTHOTO PEIeHNe NMa, BIIA

n(z) = x.e*(Acos3x + Bsin3z) = e*(Ax. cos 3x + Bzx. sin 3x)

Twoit kato 7)(z) e pemenue, TO

n"(z) — 2n'(z) + 10n(x) = 12€” cos 3x (3.84)

Hamwupame mbpBaTa u BropaTa Ipon3BoHu Ha 1)(x)

n'(z) = e"(Az. cos 3z + Bz.sin 3z) + €”[A(cos 3x — 3z sin 3z) + B(sin 3z + 3z cos 3z)]

n'(z) = e"[(Axr + 3Bx + A). cos 3z + (Bx — 3Ax + B) sin 3z]

n"(x) = e"[(Ax + 3Bx + A).cos 3x + (Bx — 3Ax + B) sin 3z|+

+e”[(A+3B).cos 3z —3(Ax+3Bx+A).sin 3x+(B—3A) sin 3z+3(Bx—3Azx+ B) cos 3x]

n"(z) = e"[(—8Ax + 6Bx + 2A + 6B). cos 3x + (—6Ax — 8Bxr — 6A + 2B) sin 3x]

Bamecrsame B (3.84) n nosydaBame

e"[(—=8Ax + 6Bz + 2A + 6B).cos 3z + (—6Ax — 8Bx — 6A + 2B) sin 3x]
—2¢"[(Ax + 3Bz + A).cos 3z + (Bx — 3Ax + B) sin 3z]
+10e”(Az. cos 3x + Bz.sin3z) = 12¢” cos 3z

CobkparaBame Ha €” # 0 u mosrygaBame

[((—8Ax + 6Bx +2A+ 6B) — 2(Ax + 3Bz + A) + 10Ax] cos 3z+
[((—6Ax —8Bx — 6A+ 2B) — 2(Bx — 3Ax + B) + 10Bx]sin 3z = 12. cos 3z + 0. sin 3z

6B cos3x —6Asin3x = 12.cos3x + 0.sin 3z

Ho dyskmunre cos3xr w sin3x ca JMHEHHO HE3ABUCHMU W CJIEIOBATETHO

68 = 12
—6A = 0

Ot mbpBOTO ypaBHeHme mosyvuaBame B = 2, a ot Broporo A = 0.
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CrenoBaTeno
n(x) = 2xe” sin 3x

1 pelIieHrneTo Ha ypaBHEHUETO €

y(x) = e”(Ax cos 3z + B sin 3z) + 2xe” sin 3z

JInneitHn HexomoreHnHu 1Y oT n-tu pej
Pasrnexame ypaBHEeHHETO
y(2) + ap1(x) .y V(@) + - 4 ay(z) .y () + aolz) . y(z) = f(z) (3.85)

Kaxkro 3naem, ob1ioTo penienune y(x) Ha TOBa ypaBHEHHE € cyMa OT pemienueto Y ()
Ha CHOTBETHOTO XOMOTeHHO ypasHenue (3.86)

Yt ap(2) g0 (@) 4 an(@) g (2) + ao(e) . y(z) = 0 (3.86)

U eJIHO YacTHO pererne 7)(z), T.c.

y(a) =Y (x) +n(x)

OcBen TOBa 3HAEM, Ue aKO

yl(x>7 y2(x>7 T yn(x)

e dynmamenrtanna cucrema perterns Ha (3.86), To perrernero Y (x) wmma Buja

V()= Ci.yu(2), (3.87)

Kbaero () ca IPOM3BOJIHI KOHCTAHTH.

CiemoBaresno

y(@) = 3 Cr.yule) + ()
k=1

[Ile mokazkeM, Ue ako e M3BeCTHA (PyHJIAMEHTAIHA CHUCTeMa PEIIeHUs Ha XOMOTEHHO-
TO ypaBHEHHE, TO YaCTHOTO perienue 7)(xr) MOXKe Jia ce HAMEpU Ipe3 MeToAa Ha
Jlarpanxx (Meron Ha BapupaHe HA KOHCTAHTUTE).

Toupcum  n(x) ot Buga (3.87), no muoxkurerure Cy craBar QyHKIWHA, T.C.

n(x) =Y Cr(x). yx(w) (3.88)

Hamwupanero ua Te3u n Ha 6poit dyukmun Ci(x) craBa upes peraBaHe Ha cJieHATA
JIMHEiHA CUCTeMa OTHOCHO ITPOM3BOIHNTE HA Te3U (DyHKIUN
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yi(2) - Cix) +  ye(2) Chla) + + pal@)Chx) = 0
yi(z)-Cl(x) +  yh(x)-Chz) + +  yhx) Ch(z) = 0
yi(x)-Ci(zr) +  yi(a)-Ch(z) + + @) Chx) = 0

y() - Clx) + oy (@) Cye) + o+ y (@) Chle) = fla)

[Ile orbenexkum, de Tasu cUCTEMa UMa €IMHCTBEHO DeIleHre, 3all0TO HeiHaTa JeTep-
MHHAHTA € JIeTepMUHAHTaTa Ha BpoHckn

Wiy (), y2(2), - - yn ()]

3a dyHIaMeHTaHaTa cucTeMa PYHKINE U criopest, Teopema 3.4 T € pasjindna oT HyJIa.

Jloka3aTecTBOTO e HAIIpABUM 3a N = 2.

B T031 ciyuail ypaBHeHHETO UMa BUJIA
y'(@) + ar(z) . y'(2) + ao(z) . y(x) = f(2), (3.89)
a JaCTHOTO pelleHHe MIe ThPCUM OT BHJIA
n(x) = Ci(x) . y1(z) + Ca(x) . y2(x) (3.90)

OcnoBuata nu 3amada e jga HamepnM pemssecrnure dyuxmun Cy(z) um Cy(x) xKaro
U3I0JI3BaMe CaMo ToBa, de 1)(z) yHAoBIeTBOpsiBa ypasHeHHETO (3.89).

Hamwupame mbpBaTa mIpon3Bo/iHa,

' (x) = Ci(x) . yi(x) + Ci(@) . 41 (2) + C5(x) - ya(w) + Ca() . yo(w) =

= Ci(x) -1 (2) + Co(x) - ya(z) + Cu(@) -1 (2) + Ca(2) - ()

Tloarame

Cl(z) .y1(x) + Cy(x) . y2(x) =0 (3.91)

CrenoBaTeno

' (z) = Ci(z) .y (2) + Calx) . ys(x)

Cera mHamMmpaMe BTOpaTa MPOU3BOIHA
n'(x) = Ci(x) . y1(2) + Ci(x) .y (x) + Co(x) - yo(w) + Ca(@) . yy(x) =
= Cj(@) .y1(x) + Co(@) . y5(2) + Cu() .y (x) + Ca(@) . Y3 (2)

Bamecrtsame 7(z), n'(x) m n"(z) B (3.89) u moxyuasame:
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Ci(x) i (x) + Co(x) - yo() +
+Ci(x) .yl (2) + Calx) w3 (x) +
+ay () . [ Co(x) . 91 (2) + Cale) - yo(z) | +

+ag(z) . [ Ci(z) .y (2) + Ca(x) - 2(2) | = f(2)

B nocsieHoTo paBeHcTBO pasKpuBaMe CKOOUTE U MOJIydaBame
Ci(x) 1 (x) + Co(x) . ya(x) +
+C1(x) .y (x) + Cy(z) .y (z) +
+Ci(z) . aq(x) .y (x) + Cox) . aq(x) . yh(x) +

+C1(x) . ap(x) . y1(x) + Co(x) . ap(x) . y2(x) = f(x)

Usnacame obmure muoxkurenn Ch(x) un Cy(x) mpen ckobu n paBeHCTBOTO J0OUBA
BUJIA:

Ci(z) . yi(x) + Cofx) . yp(x) +

+C1(z) . [yl (@) + a1(x) .y " (2) + ao(z) .y (z) | +

7

-~

L(y:) =0

+Co(x) [ y(x) + a1(x) . 92" (x) + ao(x) . p2(x) | = f(2)

J

-~

L(yz) =0

Ho uspasure B cpeauTe CKOOU ca paBHU Ha HyJa, 3a0T0 Y1(x) u yo(x) ca perneHus
Ha XOMOTeHHOTO ypasHenue. Crie1oBaTesHo

Ci(x) .y (w) + Co(x) . yo(x) = f(2) (3.92)

U1 raka, momyumxme, e Hemspectuure dyukimm Ci(z) u  Co(z) ymosmerBopsBaT
cucTemMaTa

'yl(fv)-Ci(fv) + (@) Cyr) = 0
nie)-Ci(z) + walz) - Colx) = fla),
¢ KOETO JI0Ka3aTeJICTBOTO 3aBbPINBA. |

B 1031 ciydail MOXKeM JIECHO Jla pelIuM CHUCTeMaTa, KaTo IPUIOKUM (DOPMYyJIUTE Ha
Kpamep (BM-I, T'nasa 5)

0 yafx)
! (z) = ‘ fl@) y(=) ‘ —ya() f(x)
! ‘ y1(x)  ya(x) ‘ Y1 (2)ys(z) — ya(z)y; (2)
yi(z) ys(x)
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CienoBaresno

1

ST

3.40 Pemere ypasuennero y"' +y' =

Pewenue:
1. Pasriexqame XOMOT€HHOTO ypaBHEHHE Y
mme 3 +7r =r(r’+1) =0 nma Kopenn

" +y' = 0. XapaKTepUCTUIHOTO ypaBHe-

7’1:0, 7“273:j:’l.

C.HQ,ZLOB&T&HHO (byH,ZLaMeHTaJIHaTa CHuCTeMa peIIeHud e
yl(x) = 17 y2($) = Cos T, y3($) =sinx

U pEIIeHueTo Ha XOMOI'€HHOTO YpaBHEHUE €

Y(z)=C1+Cy. cosx+ Cs. sinx

2. Topeum gacrHOTO permienue 7)(x) OT BUIA

n(x) = Ci(x) + Cy(x) . cosz + C3(x) . sinx
Hemssecranure dyknun Cy(z), Cao(x) m Cs(x) mammpame oT cucreMara:
y(x) - Ci(x) + wya(w) - Co(x) + ys(x)-Cy(x) = 0

vi(x) - Cix) + go(x) - Coy(x) + wa(x) - Cy(x)
yi(x) - Ciz) + ya(z) o) + y5(x)-Cs(x) = [flx)

B konkpernus ciydait Ts e

8 8

1-C(x) 4+ cosx-Ch(zr) + sinz-Ci(z) =
0-Ci(x) — sinz-Chi(x) + cosz-Ch(x)
0-Ci(x) — cosz-Ch(x) — sinz-Chix) =

|
—o o

sinz

Taszu cucrema pemasame ¢ popmyaute Ha Kpamep u nosrydaBame
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1 cosx sinx
A=|0 —sinz cosz |=1
0 —cosx —sinz

0 COS & sin x
) 1
Aj=| 0 —sinx cosz |=
1 —Ccosx —sinzx

1 0 sin x
Ay=10 0 cosx | = —ctgxw
0 Siiw —sinz
1 cosxz 0
A3=10 —sinx 0 |=-1
0 —coszx sirlm
CrenoBaTeno
Ay 1 Ay As
Ca)=F ==,  Gla)=F=-cgs, o)==
U CJIeJl HHTErPUPAHE IOJIyYaBaMe
1 T .
Cl(a:):/ —dx =In| tg -, C’2(x):—/ctgxdx:—ln|sm:c|
sin x 2

Cg(x):—/ldx:—zﬂ

CJie/1IoBATETHO YACTHOTO PEICHHE €
x . .
n(z) =In| tg §| —In|sinz|. cosz — x. sinz,

a ODIIOTO pelreHue e

33.,[[3.‘{1/1 3a CaMOCTOodTeJIHa pa60Ta:

3.41 y”" —by'+4y=5x—3

5 13
Orr. C’le”” + 026490 + il’ + E



3.42

3.43

3.44

3.45

3.46

3.47

3.48

3.49

3.50

3.51

95
y" — 5y’ +4y =32% — 22 —4
11

3 11
Orr. C16x + 026496 + 11’2 + gl’ + 3—2

y//_5y/+4y: 76496

7
Orr. Clex + 026496 + g T 6490

y" — 5y’ + 4y = (120 + 7)e>®

1
Otr. Ce® + Coe’® — 5(129: — 13)e¥”

y" — by’ + 4y = (2o — 5)e”
1
Orr. Che® + Cye®™ + §(—3x2 + 13)e”

y" — 5y’ + 4y = (2% — 3z + 15)e**

2

Otr. Cye® + Cyet® — (% — 2 + 9) e

y” — 5y’ + 6y =11

Otr. C1e% + Che3® + 11ze3®

y" — by’ + 6y = Sxe”

1
Orr. 016290 + 026390 + 1(101’ + 15)6m

y" — by’ +6y=(3x—1)e*

1
Orr. Che* + Cyed® — 5(3:52 + 4x)e*®

y" — by’ + 6y = (62 — bz + 3) €>®

1
Orr. 016296 + 026396 + 1(41’2 — 10z + 9)6590

y" — 4y’ — by =2z +1)e™”

1
Orr. C’le_m + 026590 + E(?)LL’2 + 21’)6596
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3.52 y" 42y’ —3y=3e"3"

Otr. Ce* + Che™3* — Zme_?’x

3.3 y"+2y' —8y=3x—7)e*

1
Orr. Cle2x + 026_496 + 4—9(211’ - 73)6390

3.54 y" —4dy=uxe”

1
Orr. Cre™2® + Che®™® — §(3l’ +2)e”

3.55 y'"+4dy=xe"

Orr. C sin(2z) + Cy cos(2z) + 21—5(536 —2)e”

3.56 y’"+y=2sinzx

Orr. Cy sinx + Cy cosz +sinx — x cos T

3.57 y”"+9y=2xcosx

1
Orr. C sin(3z) 4+ Cy cos(3z) + 16 sin x + % CoS T

3-58 y"+y = cos T

Orr. Cysinz + Cycosz + xsinx + cosz In | cos x|

3.59 y"+y = tgx

Otr. Cysinz + Cycosx — cosz In| tg (% + %) |

3.60 y" -2y +y= %

Orr. C1e* 4+ Coze® — z(ln |z| — 1)e”
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